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Abstract
In the last twenty-five years, research into the flow of complex viscoelastic fluids has
highlighted that, even in the absence of inertial forces (i.e. so called “creeping” flow),
instabilities can be observed solely due to the presence of the non-linear elastic forces
which are known as “purely-elastic” instabilities (Larson et al., 1990). In fluid mechan-
ics related applications, the presence of these instabilities may be considered beneficial
from mixing (Poole et al., 2014b) and heat transfer enhancement (Abed et al., 2017)
point of view or an unwanted phenomenon once they appear in rheometry (Fardin et al.,
2014). In rheometry, the Taylor-Couette (Fardin et al., 2014) and cross-slot geometries
(Haward et al., 2012b) are used frequently to investigate flow behaviour and rheologi-
cal properties of viscoelastic fluids for shear and elongational or extensional viscosities,
respectively. In order to ensure a constant shear rate in the gap between the inner and
outer cylinders in the Taylor-Couette geometry or a uniform elongational flow in cross-
slot geometries, these measurements are restricted up to a limited deformation rate
where such an instability is triggered. In this thesis, using a combination of analytical,
numerical and experimental approaches, a series of control mechanisms are introduced
and studied that can play an important role in the onset criteria of these instabilities.
The Taylor-Couette (TC) geometry is one of the most widely studied geometries in
the whole of fluid mechanics. Usually the ratio of the height of the fluid to the dis-
tance between the cylinders (“the gap”) is made very large such that, in conjunction
with this gap being “narrow” with respect to the radii of the two cylinders, a linear
velocity distribution is obtained. In this thesis, what happens when this “aspect ratio”
(Λ =height/gap) is made finite by the imposition of end walls for viscoelastic fluids is
studied. In the narrow-gap inertialess limit, this problem simplifies to planar Couette
flow in a rectangular duct and an exact analytical solution to this problem is repre-
sented and compared with previously reported Newtonian solution in the literature
(Theofilis et al., 2004) and full non-linear simulations using an open source compu-
tational fluid dynamics code (OpenFoam). Subsequently a perturbation technique is
used to derive an approximate analytical solution for the Oldroyd-B model to show
that, for any non-zero value of the Weissenberg number (Wi=(elastic force)/(viscous
force)), a steady secondary flow must exist in the TC geometry driven by gradients of
normal stresses (in combination with curvature). This, in itself, is an important result
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as secondary flows in viscoelastic TC flow have hitherto been associated with the oc-
currence of purely-elastic instabilities (Larson et al., 1990). Subsequently the accuracy
and range of validity of this approximate solution is checked with full non-linear simula-
tions. Finally using novel experiments conducted by Prof. Sandra Lerouge (Universite´
Paris Diderot, France) it is confirmed that the Newtonian flow remains quasilinear but
that for elastic Boger fluids a steady secondary flow does indeed appear. These results
also show that the aspect ratio can be used to successfully control the onset of the
purely-elastic instability.
The cross-slot stagnation point flow is one of the benchmark problems in fluid me-
chanics as it allows large strains to develop and can therefore be used in extensional
rheometry (Haward et al., 2012b). In such a flow, for purely-elastic cases in creeping
flow regimes, beyond a critical value of the Weissenberg number, elasticity can break
symmetry which is perhaps an unwanted phenomenon if used as a rheometer and will
limit the maximum deformation rate in which these tests can be performed, or benefi-
cial once used as mixing device. As a first step, the investigation in this thesis focuses
on the effect of elongational dominated flow on the onset criteria of symmetry-breaking
purely-elastic instability in the cross-slot geometry by applying a fundamental change
on the kinematics of the flowfield in this region. Here, the standard geometry is modi-
fied by adding a cylinder at the geometric centre and replacing the free stagnation point
by pinned stagnation points at the cylinder walls. These results suggest that in the
limit that the cylinder size tends to zero, although the important kinematic properties
of the flow has fundamentally changed in the elongational dominated region, the nature
of instability remains the same and the onset criteria for the instability tends toward
to its critical value in the standard cross-slot geometry. These results suggest that the
instability driven region should not be located at the stagnation point and it is most
probably located near the re-entrant corners. These new results suggest that once the
cylinder size is sufficiently large enough, addition of the cylinder in the geometry may
have a stabilizing effect, once again enabling effective control.
Finally, the stabilizing effect of the surface tension in two phase viscoelastic fluid flows
in cross-slot geometries is simulated using a volume of fluid method (Hirt and Nichols,
1981). The combined effects of the capillary number (the ratio of viscous force to the
surface tension force), β, Wi, α of each of phase and the ratio of the total viscosities
of each phase (the K parameter) are investigated. It is shown that the surface tension
force plays an important role in the shape of the interface of two fluids. By reducing
the surface tension force, the interface of the two fluids becomes curved and this can
consequently change the curvature of streamlines in this region. In this scenario, for
fixed values of β, Wi, α and K parameters, the surface tension is shown to have a
stabilising effect on the associated steady symmetry-breaking instability in the cross-
slot. The K parameter is shown to change the location of the stagnation point and the
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interface position of the two fluids. By increasing the K parameter, the local value of
the Weissenberg number near the corners of the geometry is significantly increased and
this can consequently lead to a time-dependent purely-elastic instability.
Overall, the results in the thesis suggest a number of novel ways to predict and con-
trol the onset of purely-elastic instability in prototypical shear-dominated (TC) and
extensional-dominated (cross-slot) geometries.
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Chapter 1
Introduction
Beyond a critical flow rate such that the ratio of the inertial to the viscous stress is
large enough, inertial instabilities can often be observed in Newtonian fluid flows. In
recent decades, an increasing attention has been allocated to understand and use such
phenomenon in mixing processes and other industrial applications. Pioneering work
relating to inertial instabilities was undertaken by Reynolds (1883) by characterising the
conditions in which the flow of water in straight pipes transitions from laminar flow to
turbulent flow. In this study, the fluid streamlines for different flow rates were visualized
by injecting a small jet of dyed water at the centre of flow. When the ratio of inertial
stress to the viscous stress (now termed the Reynolds number) was low, the dyed layer
remained distinct through the entire length of the long tube. By increasing the Reynolds
number (Re) beyond a critical value, the layer broke up and convected throughout the
fluid’s cross-section. This critical value is known as the transition point from laminar to
turbulent flow and Reynolds found it was sensitive to the precise inlet conditions. For
many decades after this insight of Reynolds regarding such instabilities, scientists were
not able to successfully predict the onset of the instability in a pipe. Today, we know this
difficulty is related to the non-linear form of the instability, and pipe flow still remains
an outstanding challenge and the subject of many studies (see e.g. Eckhardt et al.
(2007); Mullin (2011)). In contrast to such rectilinear flows, for hydrodynamic problems
with curved streamlines, stability analysis has proved to be much more successful due
to the linear nature of instabilities (Taylor, 1923; Go¨rtler, 1944). In such flows, the
appropriate dimensionless number appearing in the disturbance equation is the Go¨rtler
number (Go¨rtler, 1944):
G =
√
Θ˜∗
<˜
ρ˜U˜Θ˜∗
η˜s
, (1.1)
where Θ˜∗ is the boundary layer thickness, <˜ is the streamline curvature, ρ˜ is the den-
sity of the fluid, U˜ is a reference velocity and η˜s is the viscosity. Note, throughout
this thesis dimensional variables will be indicated using a tilde. The first term on the
right hand side of this equation is a dimensionless parameter showing the ratio of two
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important characteristic lengths in the problem and the second term is just a Reynolds
number defined based on the characteristic boundary layer length. This term scales
the destabilizing effect of a pressure difference ∆p˜ ≈ ρ˜U˜2.
Interestingly, in viscoelastic fluids, even in cases that there is a vanishingly small
inertial stress, a similar type of instability can be observed but in these cases it is related
to the elastic stress: such instabilities are called “purely elastic” (Larson et al., 1990).
These types of instabilities are generally triggered when a combination of the elastic
normal stress in the streamwise direction is coupled with streamline curvature. A well
known dimensionless parameter which rationalizes these types of “curved streamlines”
instabilities is the M parameter introduced by McKinley et al. (1996a) (often referred
to as the “Pakdel-McKinley” criteria) which is defined as:
M =
√
λ˜U˜
<˜
τ˜ss
η˜0 ˜˙γ
, (1.2)
where τ˜ss is the normal elastic stress in the streamwise direction, η˜0 is the zero shear
rate viscosity of the fluid and ˜˙γ is the magnitude of the shear rate. This parameter
can be considered as the viscoelastic complement of the Go¨rtler number as can be seen
by comparison of equations 1.1 and 1.2. In equation 1.2, the first term on the right
hand side shows the ratio of a characteristic length λ˜U˜ over which disturbance infor-
mation is convected before it decays to the streamline curvature (this term can also
be referred to as a local Deborah number, showing the ratio of the relaxation time of
the fluid to the time a disturbance takes to travel along a streamline). The second
term on the right hand side of equation 1.2 is added to scale properly the effect of the
normal stress in the streamwise direction with a reference stress scale. This term is
generally in the same order of magnitude as a local Weissenberg number which is the
destabilizing term in the disturbance equation (McKinley et al., 1996a) (equivalent to
the Reynolds number in equation 1.1). Equation 1.2 proposes that the kinematic and
dynamic conditions corresponding to the curvature of the flow and the tensile elastic
stress along the streamlines respectively can be combined into a single dimensionless
criterion that must be exceeded for the onset of purely elastic instabilities.
In this thesis, to better understand this phenomenon, “purely elastic” instabilities
in two geometries, namely Taylor-Couette and so called “cross-slot” geometries, will
be investigated using numerical, experimental and analytical methods to explore the
possibility of controlling (i.e. promoting, delaying or removing entirely) this type of
instability with different controlling mechanisms that may, potentially, influence the
parameters in equation 1.2. As the field of “purely elastic” instabilities is rather broad,
having been observed in a wide range of geometries (Su and Khomami, 1992; Joo and
Shaqfeh, 1991; Shull et al., 2000; Pakdel and McKinley, 1996; Arora et al., 2002; Pan
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et al., 2013; Berti et al., 2008; Sahin, 2013; Burghelea et al., 2007), the following liter-
ature review will primarily be focussed on these two geometries.
1.1 Taylor-Couette and related geometries and onset of
secondary flows
The flow between two concentric cylinders has routinely been studied by researchers
due to its wide range of applications especially in rheometry (Walters, 1975; Morrison,
2001; Tanner, 2000). For rheometrical applications, a laminar viscometric assumption is
necessary. In most of the cases rheologists are dealing with, the fluids are highly viscous
or the geometry is designed to be sufficiently small so the creeping flow assumption is
applicable. In these situation for Newtonian fluids the flow is laminar and instabilities
can usually be neglected especially at low rotation speeds. Historical studies mainly
focused on potential instabilities of Newtonian fluids at higher Reynolds numbers (i.e.
the ratio of inertia to viscous stresses). In these cases, inertia proved to be the driving
force for the instabilities.
Pioneering works in this geometry prior to instability were carried out by Couette
(1888) and Mallock (1889) who derived an analytical solution for the flow between
concentric cylinders. The height of the cylinders is considered to be 2b˜ with R˜i and R˜o
as the radii of inner and outer cylinders, respectively (Figure 1.1 shows the geometrical
definition of the problem). The ratio of the gap between two cylinders and the height
of cylinder were considered to be small enough so they can eliminate the effect of walls
on the top and bottom of cylinders. The resulting one-dimensional analytical solution
they derived was presented in the following form:
U˜θ(r˜) = A˜r˜ +
B˜
r˜
, A˜ = −
( R˜i
R˜o
)2ω˜ − ω˜o
1− ( R˜i
R˜o
)2
, B˜ =
ω˜ − ω˜o
1− ( R˜i
R˜0
)2
R˜2i , (1.3)
where, ω˜ and ω˜o are the inner and outer rotation speed. As shown in equation 1.3,
the solutions were calculated assuming axisymmetric flow so the flow can be only a
function of radial location. For the stationary outer cylinder cases, using the definition
of the local shear stress and shear rate at the wall we obtain:
τ˜ |r˜=R˜i =
T˜
4pib˜R˜2i
, (1.4)
˜˙γ|r˜=R˜i = −r˜
∂
∂r˜
(
U˜θ(r˜)
r˜
)|r˜=R˜i =
2B˜
R˜2i
, (1.5)
where, T˜ is the measured torque from the experiment on the inner cylinder. Then,
the apparent (shear) viscosity of the material is simply given by η˜ = τ˜˜˙γ . Experiments
conducted by Couette (1888) and Mallock (1889) showed that viscosity is only constant
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for low rotation speeds and increasing the rotation speed of the cylinder above a critical
value can lead to a bogus shear-thickening behaviour for the apparent viscosity even
for constant-viscosity Newtonian fluids which is the signature of instability of the flow.
Since these early works, this geometry has received such a great deal of attention
(a)                                                                                      (b)
Figure 1.1: Comparison between (a) the base flow (adopted from Taylor (1923)) and
(b) the Taylor cellular flow (adopted from Fardin et al. (2014))
from researchers that it has been referred to as the ‘hydrogen atom of fluid dynamics’
(Tagg, 1994; Fardin et al., 2014). The Taylor-Couette (TC) geometry has several ad-
vantages over the pipe studied by Reynolds and many others since; first of all, in the
small-gap limit, the shear rate is constant across the gap (note that equations 1.3 - 1.5
show the large gap limit). From equation 1.3 one can calculate the shear rate simply
as ˜˙γ = 2B˜/r˜2. When the gap size is small, 2 a˜
R˜i
< 1, knowing that R˜o = R˜i + 2˜a and
applying a Taylor-expansion one can obtain the shear rate to be ˜˙γ = |ω˜ − ω˜o|R˜3i /2a˜r˜2.
Knowing that in this limit R˜ir˜ ≈ 1, one can obtain the shear rate as ˜˙γ = |ω˜ − ω˜o|R˜i/2a˜
(i.e. constant). Secondly, streamlines are curved, so the nature of the instability in
this geometry is linear, and therefore it could be dealt with much easier than pipe
flow. Upon eliminating the effect of confining walls on the top and the bottom of the
TC geometry, and assuming axisymmetry, i.e. one-dimensional (1D) flow assumption,
the fluid must have a rectilinear velocity distribution with no secondary flow. Taylor
showed that, beyond a critical rotation speed, by adding a small perturbation, a non-
linear distribution of the main flowfield with pairs of steady secondary flows replaces
the previous rectilinear distribution (for instance see Figure 1.1(b)). In such situa-
tions, there is a competition between centrifugal force which has a destabilizing effect
and viscous force as the stabilizing factor. According to Wendt (1933), Prandtl was
the first person who noted for the stationary outer-cylinder cases, that Taylor’s criti-
cal condition for the onset of instability can be approximated by a simple correlation as:
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Tacr =
ω˜R˜i2a˜
ν˜
√
2a˜
R˜i
= 41.2, (1.6)
where, ν˜ is the kinematic viscosity of the fluid and the dimensionless number on
Figure 1.2: Presence of the nodal surface in counter-rotating instability of TC systems
(Taylor, 1923)
the left hand side of this equation is called the Taylor number and can be written as
a multiplication of Reynolds number by the square root of curvature ratio (CF the
Go¨rtler number in equation 1.1). Donnelly and Fultz (1960) noted that in the counter-
rotating cases, an imaginary surface appears between the gap of two cylinders such that
they called it a “nodal surface” (Figure 1.2). This nodal surface has a width of 2ϑa
and shows the position of the zero velocity line between two counter-rotating cylinders.
In this definition ϑ is defined as:
ϑ =
Rei
Rei −Reo , (1.7)
here, Rei and Reo are the Reynolds numbers calculated based on the rotation speeds
of inner and outer cylinders, respectively. This definition provided a more general cri-
terion for the instability of TC flow and showed that the wavelength of TC cellular
structure scales as 2ϑa.
Nowadays the TC geometry is considered a benchmark geometry in the fluid me-
chanics community, and devices with different aspect ratio (height/gap) Λ (ranging
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from as small as 0.2) have been used for various purposes (Muller et al., 1989; Berret
et al., 1997; Lerouge et al., 2000; Mullin et al., 2002; Hu and Lips, 2005; Lee et al.,
2005; Liberatore et al., 2006; Gurnon et al., 2014; Lo´pez-Barro´n et al., 2015). For ex-
ample, TC cells with aspect ratios 3 < Λ < 12 are commonly used for both small-angle
neutron scattering (Hu and Lips, 2005; Liberatore et al., 2006; Gurnon et al., 2014;
Lo´pez-Barro´n et al., 2015) and flow birefringence experiments (Muller et al., 1989;
Berret et al., 1997; Lerouge et al., 2000; Mullin et al., 2002; Lee et al., 2005). The
confining effect of walls on the stability and bifurcation of Newtonian fluids in inertial
regimes was studied by Benjamin (1978a) using the existence theory due originally to
Leray and Schauder (1934). Benjamin (1978a) concluded that the supercritical nature
of the instability, which was previously reported by Taylor (1923), based on an ideal-
ized 1D assumption for the base state, will not typically be observed in a physical flow
between two finite concentric cylinders. Following this argument, a different process
whereby the primary flow undergoes ‘morphogenesis’ was predicted by including the
effect of the walls on the top and bottom of the geometry (as shown in Figure 1.3). In
AP
Re
Figure 1.3: Prediction of Benjamin (1978a) for decoupling of bifurcation phenomenon
in a confined Taylor-Couette geometry. Variation of asymmetry parameter (i.e. AP )
versus Re number.
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a following experimental study (Benjamin, 1978b), support for the theoretical part was
provided showing a decoupling of the supercritical bifurcation for finite-aspect-ratio TC
geometries. The results clearly showed that, once the inner cylinder starts to rotate
from the stationary state, a secondary motion appears, which gets more intensified with
increasing Reynolds number (see Figure 1.4). Similar qualitative results were obtained
(a)                                           (b)
Figure 1.4: Experimental results conducted by Benjamin (1978a) in a confined Taylor-
Couette geometry showing (a) presence of a pair of vortices in the base flow before
onset of any instability and (b) a cellular structure of flowfield after instability.
in a numerical study by De Roquefort and Grillaud (1978) and a theoretical analysis
by Schaeffer (1980), which used a homotopy approach to include the physically realistic
effect of the fixed wall on the end faces of the cylinders. Thus, the use of end walls in
Newtonian Taylor-Couette flow has been used to modify critical conditions for onset of
inertial instability.
Go¨rtler (1944), showed that most of the criteria for TC instability can be directly
compared with more general curved boundary-layer flow (equation 1.1). Following
Go¨rtler’s work, a great number of studies have been conducted to investigate effects of
curvature and centrifugal forces. The main difference between flow in curved boundary
layers and TC flow is related to the fact that in the TC system the fluid experiences
a wall-driven motion while in curved ducts or curved boundary layers it is usually
pressure-driven. Seminal papers by Dean (1927, 1928) tried to capture the structure of
Taylor–Go¨rtler vortices in curved pipes, which were previously studied experimentally
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by Eustice (1911). Dean (1927, 1928) implemented a perturbation method, using the
ratio of the pipe radius over the curvature radius as the perturbation parameter for
the pressure-driven flow inside a curved pipe. Owing to the presence of centrifugal
forces, pressure gradients in the lateral directions of the pipe appear, stimulating a
pair of steady secondary vortices (as shown schematically in Figure 1.5). In this case,
the centrifugal force causes fluid particles to move from the inner side of the curvature
towards the outer side, while conservation of mass requires a replacement of particles
and consequently a pair of secondary flow vortices appear. As a consequence of this
pioneering study, these vortices are usually called “Dean’s vortices”. A similar method
by Winters (1987) extended the analysis to flow in curved rectangular ducts. Sugiyama
et al. (1983) experimentally investigated the flow patterns of Newtonian fluids in curved
rectangular channels for wide ranges of the curvature ratio and aspect ratio. From flow
visualisation, it was observed that the number of secondary flow vortices changes with
increasing the Reynolds number as shown in Figure 1.6. In this work, it has been shown
that at low values of the Reynolds number only one pair of secondary vortices appears
but by increasing the Reynolds number the flow pattern may change and an additional
pair of vortices start to grow. Thus, it is now well known that the combination of
inertia and curvature leads to secondary flow for Newtonian fluids.
(a)                                                                                             (b)
Figure 1.5: (a) Geometry configuration and (b) streamlines representing the secondary
flow in a curved pipe (adopted from Fan et al. (2001))
In contrast, for viscoelastic fluids a secondary flow develops even in the inertialess
limit for the curved pipe geometry, and such studies have received a great deal of
attention because of their applications in mixing and other systems (Akiyama and
Cheng, 1974; Finlay, 1989; Kumar et al., 2006; Ali et al., 2010; Keshavarz-Motamed
and Kadem, 2011; Hayat et al., 2012; Hoque et al., 2013). Fan et al. (2001), based on
an order-of-magnitude analysis, derived an equation for the Oldroyd-B model in such
curved pipe flows, showing a correlation between the so-called ‘hoop’ stress (the normal
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(a)                                        (b)                                    (c)
Figure 1.6: Flow patterns in the channel of aspect ratio 1 and curvature ratio 8(a)
Re = 265 (b) Re = 393 (c) Re = 518 (Sugiyama et al., 1983)
stress in the azimuthal direction τss) and centrifugal force. Considering the fact that
lateral components of velocity are generally two orders of magnitude smaller than the
main velocity (Vr ≈ Vθ << Vs and so τrθ ≈ τrr << τss), the momentum equation in
the “r˜” direction of the pipe (see Figure 1.5), far from wall and near the core region,
can be reduced to:
Re
Us
r
2
= −∂p
∂r
+
τss
r
. (1.8)
where Re = ρ˜U˜B r˜0η˜0 and ρ˜ is the density of fluid, U˜B is the bulk velocity, η˜0 is the zero
shear rate viscosity and r˜0 is the radius of pipe and the azimuthal velocity is made
dimensionless with bulk velocity Us =
U˜s
U˜B
, r is the variable defined in the cylindrical
coordinate system and is made dimensionless with radius of the pipe (i.e. r = r˜r˜0 )
and pressure and hoop stress are made dimensionless as p = p˜
η˜0U˜B
r˜0
, τθθ =
τ˜θθ
η˜0U˜B
r˜0
, respec-
tively. Equation 1.8 shows that fluid inertia and hoop stress τss are two significant
and competitive forces near the core region, which contribute to establishing a pressure
gradient and consequently the presence of Taylor-Go¨rtler secondary flow. Poole et al.
(2013) in a numerical simulation, showed that for creeping flow of a viscoelastic fluid
in “serpentine” channels a pair of secondary flow vortices exists that is absent for the
equivalent inertialess Newtonian flow. These secondary flows can be attributed to the
effect of curvature and elastic normal stress similar to the Dean flow structure except
that in the viscoelastic case there is no inertia. Within a similar context, Robert-
son and Muller (1996) and Jitchote and Robertson (2000) captured combined effects
of elastic force and centrifugal force in curved pipes. In these papers, similar to the
previous works by Dean (1927, 1928), a perturbation method was employed to show
that, even in the absence of inertia, a combined effect of elastic normal-stresses and
curvature are able to create hoop stresses and generate secondary flows. The presence
of these secondary flows, consequently generates a second normal-stress difference for
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Oldroyd-B fluids. With a similar interest, Yue et al. (2008) conducted a theoretical
investigation using the Giesekus model and showed even in the absence of curvature,
similar secondary motion of fluids may appear in non-circular pipes which is due to
an inherit prediction of the non-vanishing second normal-stress difference in pure-shear
flow in the employed constitutive model. Norouzi et al. (2010) in a numerical work tried
to show the combined effects of first and second normal-stress differences in creeping
flow through a square curved duct. It is shown that these two normal stresses have
an opposite influence on the creation of secondary flows and the dominant force is the
elastic first normal-stress difference.
In the last century, research into complex viscoelastic fluids has highlighted that,
even in the absence of inertial forces (i.e. creeping flow), similar mechanisms to inertial
instabilities can be generated solely due to the nonlinear elastic forces; such instabilities
are called ‘purely elastic’ (Shaqfeh, 1996). The flow between two concentric cylinders
(TC flow described above) has routinely been studied by researchers in viscoelastic flu-
ids due to its wide range of applications especially in rheometry (Mallock, 1889; Taylor,
1923). Following the studies already discussed on the effect of inertial instabilities in
the TC system and Dean flows (Dean, 1928), a number of researchers tried to extend
this scenario to the case of viscoelastic fluids. The modifying effects of viscoelasticity
on the inertial TC instabilities were investigated by Giesekus (1966, 1972) both exper-
imentally and analytically using the second-order fluid model. It is shown that adding
small amount of polymeric particles to the fluid can stabilize the inertial TC instabil-
ities and the critical value of Taylor number will be increased. They also showed that
the wavelength of the cellular structure of the vortices is not a function of viscoelasticity
in these cases. Although, as the polymeric concentration reaches 1000 p.p.m this trend
will change and viscoelasticity will show a destabilizing effect. Giesekus (1966), using
a theoretical approach, tried to capture the influences of the first and second normal-
stress differences in the limiting case that the Taylor number is zero (creeping flow).
He concluded that in cases where the second normal-stress difference is positive and
strong enough purely-elastic TC instabilities can be observed. For the purpose of this
investigation a second order fluid constitutive equation was used. In nature, the second
normal-stress difference of most fluids has negative sign and are very small so Giesekus’
zero inertial instability is not expected to be observed. Generally, a second-order fluid
is the lowest-order form of a mathematical constitutive equation after the Newtonian
fluid (first-order solution) so is only suitable for simulation of slow and slowly varying
flow, while in the case of purely viscoelastic instabilities, driven by nonlinear effects,
this assumption is not strictly valid (Bird et al., 1987). Muller et al. (1989) showed ex-
perimentally that, in the absence of significant second normal-stress differences, using
a Boger fluid (an elastic fluid with a constant viscosity (Boger, 1977)), a purely-elastic
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instability can be observed. They showed that, unlike the steady nature of TC vor-
tices, in the purely-elastic case the structure has an oscillatory form the wavelength of
which decreases with time. Figure 1.7 shows the structure of TC instability for both
Newtonian and viscoelastic fluids. From these seminal results, it can be deduced that
the first normal-stress difference should play a key role in purely-elastic instabilities.
(a)                                                 (b)                                                (c)
Figure 1.7: Photographs of Taylor-Couette flow. Small mica flakes were suspended
in the test fluid. These plate-like particles reflect light in a manner that is highly
dependent on their orientation; hence the variations in reflected light intensity are due
to their alignment by the flow. (a) Newtonian Taylor cells in a solution of glycerol and
water (b) Initial development of elastic vortices for viscoelastic fluids (c) Long-time,
small wavelength elastic vortices (Muller et al., 1989)
A reasonably up-to-date review on viscoelastic flows in the TC system and different
types of instabilities can be found in Muller (2008). A theoretical study to estimate the
onset conditions of purely elastic instabilities was carried out by Larson et al. (1990).
Using a linear stability analysis, they employed a perturbation method to predict the
threshold of this instability. Larson et al. (1990) eliminated the effect of confining walls
on the top and bottom of the geometry, and disturbed an initially 1D axisymmetric
flow using a time-periodic function and showed that only after a critical shear rate
did an instability in the form of a time-dependent secondary flow occur, in qualitative
agreement with experiments of Muller et al. (1989). The previous studies in the lit-
erature for viscoelastic fluids suggested that the presence of secondary flows was only
attributed to the onset of a purely elastic instability in the TC geometry (Giesekus,
1966, 1972; Muller et al., 1989; Larson et al., 1990).
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1.1.1 Notable research gaps in the Taylor-Couette geometry for vis-
coelastic fluids
The previously conducted research has shown that a combination of inertial stress with
curvature of streamlines in confined Taylor-Couette geometries leads to the presence of
secondary flows that may potentially play an important role in the onset criteria of hy-
drodynamic instability for Newtonian fluids (Benjamin, 1978a,b). However, although
there has been several studies conducted to investigate the effect of elastic stress on the
onset criteria of purely-elastic instability Muller et al. (1989); Shaqfeh (1996); Muller
(2008), the modifying effect of confining walls has not been addressed so far in the lit-
erature. In the previously studied geometries, the ratio of the gap size to the height of
cylinders were mainly considered to be large enough so the 1D assumption of the base
flow can be applied. In this thesis it will be shown that, by considering the effect of
confining walls, even before the onset of any potential purely elastic instability, a pair
of steady secondary vortices exists in the region near the corner of the moving wall and
the stationary wall. Indeed, viscoelastic flow through finite-aspect-ratio curved ducts
is characterized by secondary flows which are driven by a combination of curvature and
stress gradients near the duct walls that significantly affect the primary flow. Although
never previously studied, in a TC system this issue is likely to play an important role in
both the base-state solutions and the purely elastic instability threshold of viscoelastic
fluids in the TC system, especially for shallow geometries (i.e. small aspect ratios).
Thus, the aim is to see if the finite aspect ratio can be used to “control” (promote or
delay) the onset of the purely-elastic instability which is known to occur. In this thesis,
this gap in the literature will be addressed by investigating finite end effects for the
narrow-gap concentric-cylinder geometry under inertialess conditions for viscoelastic
fluids using both an approximate analytical perturbation approach and full nonlinear
simulations with the Oldroyd-B model.
1.2 Cross-slot stagnation point and related geometries
As already discussed, instabilities in Newtonian fluid flows occur frequently due to the
nonlinear nature of the inertial force not only in viscometric flows like TC flow but
also in more complex flows with extensional flow components. Extensional flow occurs
when a fluid experiences a deformation in the streamwise flow direction and can be
observed in many different situations such as flow through expansions (Abbott and
Kline, 1962) or contractions (Rothstein and McKinley, 1999) and at stagnation point
flows like flow through intersections (such as T- shaped (Kockmann et al., 2003) or
cross-slot (Poole et al., 2014a) geometries) or flow passing an obstacle (Eckerle and
Langston, 1986; Proudman and Pearson, 1957; Taylor and Acrivos, 1964). Generally,
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beyond a critical value of the Reynolds number the “simple” solution branch of the base
state (i.e. steady and/or symmetric) in such flows bifurcates to a more complex flow
distribution. Taylor (1934), was one of the first researchers who started to investigate
Figure 1.8: Schematic of four-fill mill; (a) top view; (b) side view (Lagnado and Leal,
1990)
different flow-type behaviours using a “four-roll mill” designed configuration. Taylor’s
four-roll mill geometry allows the generation of strong extensional flows by trapping
a matrix fluid at the stagnation point and applying deformation on any suspended
droplets. A schematic of apparatus is shown in Figure 1.8. Lagnado and Leal (1990)
have used the four-roll mill apparatus previously introduced by Taylor (1934), to study
instability of the flowfield in extensional dominated flows. At low Reynolds number, the
rotation of rollers have been constrained to generate an approximately two-dimensional
pure planar elongational flow at the geometric center of the apparatus. As the Reynolds
number increases a combination of the inertial stress and curvature of the streamlines
lead to growth of steady, symmetrically positioned Dean vortices near the top and
bottom walls of the container. As the Reynolds number is increased beyond a critical
value, the reported Dean vortices join together and creates a vortex stretching along
the exit channel resulting in the loss of symmetry in the flow pattern. Here, the loss
of symmetry in the flowfield is attributed to the influence of elongational flow on the
Dean vortices. Figures 1.9 show this transition from top and side views.
Perhaps one of the most well studied, symmetry-breaking bifurcation instabilities
is related to the flow of Newtonian fluids passing through planar sudden expansions
(Cherdron et al., 1978). In such geometries, due to a sudden change in the cross-section
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(a)
(b)
Re=6
Re=4
Re=37 Re=57
Re=36 Re=54
Figure 1.9: Flow patterns of Newtonian fluids in four-mill apparatus at different
Reynolds numbers; (a) Top view (b) side view photographs. Results based on the
experiments conducted by Lagnado and Leal (1990)
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Figure 1.10: Flow patterns at different, Reynolds numbers for an aspect ratio of 8 and
an expansion ratio of 2. (a) Re = 110. (b) Re = 150. (c) Re = 500 based on the
experiments conducted by Cherdron et al. (1978)
of the geometry a fluid particle experiences a complex combination of extensional and
shear dominated flows. For Newtonian fluids, above a critical value of the Reynolds
number, the flowfield finds a steady asymmetric distribution. As previous reported
(Abbott and Kline, 1962; Drikakis, 1997), the asymmetry of the flowfield appears in the
form of two stable antisymmetric flow states which each correspond to a recirculation
region attached to one of the two downstream walls (Abbott and Kline, 1962). The
critical Reynolds number for the onset of the instability is reported to be a function of
both the expansion ratio (i.e. the ratio of the width of the downstream to upstream
channels) and, for three dimensional flows, the aspect ratio (i.e. the ratio of the inlet
channel height to its width). Figure 1.10 presents experimental results capturing this
phenomenon based on the results previously reported by Cherdron et al. (1978).
One of the popular mixing geometries in microfluidics is the planar T-channel which
was firstly presented by Kockmann et al. (2003). In this geometry, two channels with
opposite streams join through a 90o turn into an outlet channel. The numerical study
by Kockmann et al. (2003) found a similar type of instability in a T-channel problem
to the one previously observed in the four-roll mill geometry. This study reported the
bifurcation of flow from a steady-symmetry to steady-asymmetry distribution. At low
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Reynolds number flows, streamlines follow the geometry walls in an almost unidirec-
tional distribution. As inertial effects become more important, due to the presence of
a 90o turn, Dean-like vortices appear in the outlet channel. Finally, above a critical
value of the Reynolds number, the symmetry of the flow breaks and the vortices merge
into a single vortex.
The so-called “cross-slot” geometry is another popular geometry which is used fre-
quently in extensional-flow related studies. This geometry consists of four bisecting
rectangular channels with two sets of opposite inlets and outlets. These opposing inlets
and outlets produce a flowfield with a free stagnation point located at the centre of
the geometry. At this point the velocity field is zero and a finite gradient of velocity
in the streamwise direction appears. In principle, due to the zero velocity field at this
point, a fluid element is trapped for an infinite time generating a significant strain and
potentially enabling “steady-state” extentional flow kinematics to be realised which
is a hall-mark of this geometry and the reason it is often proposed as an extensional
rheometer (Haward et al., 2012b). Poole et al. (2014a) using a numerical procedure
studied the effect of inertial stresses in a 2D cross-slot geometry to explore the inertial
instabilities in this geometry. They have shown that by increasing the Re number, four
identical standing recirculating vortex are initially formed starting at the four corners
of the geometry which is caused by a combination of inertial stress and the curvature
of streamlines. A schematic of the problem is shown in Figure 1.11. As Reynolds
number increases to higher values, a bifurcation of the flowfield from its symmetry
distribution appears by changing the size of theses vortices. Figure 1.12 represent the
symmetry-breaking mechanism which appears in the outlet arms before and after the
critical Reynolds number (Poole et al., 2014a). The instability in this geometry is sim-
ilar in nature to the one previously reported in flow passing through planar expansions
(Abbott and Kline, 1962).
In following research, Haward et al. (2016b) extended the study of the inertial
symmetry-breaking instability in the cross-slot geometry to analyse the effect of the
cross-section aspect ratio using both numerical and experimental methods, i.e. to
real geometries of finite aspect ratio. In this study, it has been shown that when the
Reynolds number is smaller than the critical value for the onset of instability but non-
zero, due to the presence of curved streamlines, the centrifugal force leads to growth
of four symmetrically positioned Dean vortices (with respect to centre planes). By
increasing the Reynolds above a critical value the flow undergoes a bifurcation to a
steady asymmetry state with a single spiral vortex along the outlet channels of the
geometry (see Figure 1.13). The time evolution of this transformation is presented in
Figure 1.14. The results suggest that the observed transition follows the same trend as
was previously reported in the four-roll mill geometry (Lagnado and Leal, 1990) which
is known to appear due to the presence of a stagnation point and the stretching of a
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Figure 1.11: Schematic of cross-slot geometry (Poole et al., 2014a)
Figure 1.12: Size of recirculation zones close to critical conditions (a)Re = 1500; asym-
metric growth of recirculation regions beyond bifurcation: (b)Re = 1540; (c)Re = 1580
and (d)Re = 1600. based on the numerical study conducted by Poole et al. (2014a)
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vortex in planar elongational flows.
Many industrial processes deal with highly extensional flows of polymeric fluids. As
already discussed, in most of these cases, a purely-elastic instability may occur that
is absent for its equivalent Newtonian creeping flows (Poole et al., 2007a; Zilz et al.,
2014). During the last few decades, significant attention has been placed on such flows
to characterise the physics behind these types of instabilities especially in shear flows
(McKinley et al., 1996a; Larson et al., 1990), however understanding of this type of
elastic instability in extensional-dominated flows is not as advanced as in shear-flow
dominated flows (Haward et al., 2016a).
The cross-slot geometry, shown in Figure 1.11, is a common flow geometry that
has been extensively utilized for generating controllable planar, uniaxial and biaxial
elongational flowfields and to study the stretching dynamics of polymers (Afonso et al.,
2010; Haward et al., 2012b, 2016a). A numerical study carried out by Afonso et al.
(2010) suggested the use of modified three-dimensional cross-slot geometries to simu-
late different standard types of elongational flows. Two different flow configurations
were presented to simulate uniaxial and biaxial elongational flowfields near the stag-
nation point. The numerical results showed that the flow is symmetric relative to the
centreline at low values of the Weissenberg number while, for Weissenberg numbers
above a critical value, the elastic stress can trigger an instability and the flow becomes
asymmetric, while remaining steady. As a consequence of the loss of symmetry, it has
been shown that the uniform elongational dominated flow around the stagnation point
will be replaced by a complex asymmetric flowfield. Subsequently, as the Weissenberg
number (the ratio of the elastic stress to the viscous stress) increases to higher values,
the flow becomes unsteady (Sousa et al., 2018).
A similar type of stagnation point flow can be observed when fluid passes objects
such as a cylinder or a sphere (Walters and Tanner, 1992). If the obstacle is a solid
object the stagnation point is pinned at the surface of the geometry and cannot move,
while for example in the case of falling/raising drops, the stagnation point is located at
the surface of moving droplets and in principle is free to move and change the shape of
the droplet (Bisgaard, 1983; McKinley, 2002; Davoodi and Norouzi, 2016). As a conse-
quence of the no-slip condition and mass continuity, the local velocity gradient and the
velocity field are zero for a pinned stagnation point while for a free stagnation point
the strain rate can have finite non-zero values. In both types of flows, beyond a critical
value of strain rate a symmetry-breaking of the flow distribution can be observed for
both the pinned (Afonso et al., 2012) and free stagnation point flows (Bisgaard, 1983).
Soulages et al. (2009) studied two different geometries to investigate the kinematic dif-
ferences between a pinned stagnation point flow at the wall and a free stagnation point
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Figure 1.13: (a) Schematic diagram of a cross-slot geometry with aspect ratio = 1 (flow
enters along y and exits along x). (b) Three-dimensional rendering of a vortex structure
observed for the flow of water at Re = 75.8. Confocal imaging (c, d) and numerically
generated streamlines (e, f) showing the evolution of flow structures in the x = 0 plane
(Haward et al., 2016b).
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Figure 1.14: Dynamic evolution of velocity vector fields and centre point vorticity
computed from time-dependent numerical simulations at the centeral plane x = 0
(Haward et al., 2016b).
flow by adding a recirculating cavity opposite to the outlet arm of a T-shaped channel.
They showed that the critical value of flow rate for the onset of an unsteady 3D in-
stability is delayed to higher values of the Weissenberg number for the free stagnation
point flow geometry with a cavity compared to the pinned case without a cavity. Also,
a new type of steady asymmetric instability was reported in this modified geometry
that was suppressed for the cases in which the stagnation point was pinned at the wall.
Early research conducted by Gardner et al. (1982) was the first which reported
that a steady flow asymmetry can occur for viscoelastic flows in cross-slot geometries.
In this geometry, although nominally extensional dominated, fluid particles passing
through the cross section in between the corner and the stagnation point experience
both significant shear flow near these re-entrant corners (Dean and Montagnon, 1949;
Moffatt, 1964; Hinch, 1993; Davies and Devlin, 1993) and elongational-dominated flow
near the stagnation point (O¨ztekin et al., 1997; Haward et al., 2016a). The combination
of this complex deformation with the non-linear elastic stresses for viscoelastic materials
can enable disturbances to grow and trigger a purely-elastic instability. Although firstly
observed by Gardner et al. (1982), it was not until Arratia et al. (2006) that this
effect was clearly associated with a purely-elastic instability and suitably characterised.
In this geometry, for Newtonian fluids and viscoelastic materials before onset of any
instability, fluids injected from the inlet arms divide equally into two outlets. By
increasing the Weissenberg number to a critical value, at a given instant, the dyed
solution no longer divides equally between the two outlets (as shown in Figure 1.15).
Supporting numerical simulations for this phenomenon were presented by Poole et al.
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Figure 1.15: Streamline patterns superimposed onto contour plots of the first normal-
stress difference, for (a) Newtonian fluid, (b) viscoelastic (symmetry flow distribution),
(c) and (d) viscoelastic (asymmetry flow distributions for two different values of the
Wi number) (Poole et al., 2007b).
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(2007b), where it was shown that once the instability appears, the shape of the velocity
profile along a line between the corner of the cross-slot geometry and the free stagnation
point changes from convex into concave.
Recently, Cruz et al. (2016) have used the M parameter (equation 1.2) to plot
its spatial variation in the cross-slot geometry for both the upper-convective Maxwell
(UCM) and simplified Phan-Thien Tanner (sPTT) fluids. Previous studies for flow
around sharp re-entrant corners both for Newtonian (Dean and Montagnon, 1949;
Moffatt, 1964), and UCM fluids (Davies and Devlin, 1993; Hinch, 1993) suggest that
although the velocity field at the corner is zero, the velocity gradient, and consequently
the magnitude of stress tensor, are singular. At such corners the combination of high
shear rate along with high curvature of the streamlines can thus provide a suitable
mechanism for a disturbance to grow and trigger an instability. The numerical sim-
ulations of Cruz et al. (2016) for a geometry with sharp square re-entrant corners
(standard-shape cross-slot) suggest that instability should be triggered at a region near
the corner of the geometry (see Figure 1.16). These results support the earlier work by
Rocha et al. (2009) who showed the instability is delayed to higher values of the Weis-
senberg number once the sharp square corner is replaced with a sufficiently rounded
corner.
 UCM
Wi=0.2
 UCM
Wi=0.4
 sPTT
Wi=0.5
 sPTT
Wi=1.1
(a)                                                         (b)
(c)                                                         (d)
Figure 1.16: Contour maps of the modified Pakdel–McKinley criterion M for cross-
section aspect ratio of 2.3, at the highest simulated Wi prior to each flow transition.
The constitutive model, Wi number is given in each panel. Maps are shown (a, c) prior
to the steady bifurcation and (b, d) prior to the onset of time-dependent flow (Figures
are adopted from Cruz et al. (2016)).
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To obtain an ideal planar elongational flowfield, Haward et al. (2012b) suggested
to optimise the standard shape of the cross-slot geometry using a numerical approach
and termed the resulting shape the Optimized Shape Cross-slot Elongation Rheometry
geometry (“OSCER”). In a follow on study, Haward et al. (2016a) using the OSCER
geometry, showed that once the ideal planar elongation flowfield is obtained, although
the deformation rate has a small value at the stagnation point, the curvature of the
streamline exhibits a large value near this region and the maximum value of the M
parameter (equation 1.2) appears in the vicinity of the stagnation point.
1.2.1 Research gap in cross-slot geometry problems for viscoelasic
fluids
Previous studies in cross-slot geometries has shown in the absence of inertia, a purely-
elastic instability may be triggered due to the non-linear nature of the elastic force,
but it is still not clear if instabilities in the cross-slot are driven via curvature and
high shear near the stagnation point (Haward et al., 2016a) or from a region closer
to the corner (or even at the corner) (Rocha et al., 2009). For Newtonian fluids, and
inertial instabilities, previous studies have shown that base-flow modifications using a
passive control device in the wavemaker region, i.e. a region of the flow where physical
mechanisms giving rise to a self-sustained flow oscillation are active, will alter the sta-
bility properties of flows and consequently the suppression of vortex shedding inertial
instability for a flow past a cylinder (Marquet et al., 2008; Strykowski and Sreenivasan,
1990; Hill, 1992). In this thesis, to better understand the purely-elastic instability in
the cross-slot geometry, using a series of numerical simulations supported by experi-
mental and analytical tools, the standard-shape cross-slot geometry will be modified by
replacing the free stagnation point flow with pinned stagnation points by the addition
of a control cylinder at the geometric centre of the domain. Using this modification,
the curvature of streamlines close to the geometric centre will be affected by the pres-
ence of the cylinder and will exhibit an opposite sign in comparison to the curvature
of the streamlines near the corners of the geometry. A change in the relative size of
the cylinder (i.e. changing the “blockage ratio” parameter) will allow the local value
of streamline curvature to be controlled along with the average value of the velocity
passing through the gap between the corner of the cross-slot and the cylinder. It will be
shown that the introduced modification acts as a passive control-mechanism that can
be used to delay the critical flow rate in which the instability is triggered. Also, due to
conservation of mass and the no-slip boundary condition, once a cylinder is added, the
finite non-zero value of the strain rate at the stagnation point seen for the standard
shape cross-slot geometry is replaced by stagnation-point where the strain rate is zero.
Considering the above issues, one can state that the addition of the cylinder at the
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geometrical centre of the cross-slot geometry significantly changes the flow distribution
near the stagnation point while the flow distribution close to the corners will stay rel-
atively unchanged (at least for small cylinders).
For viscoelastic fluids, all previous studies in the cross-slot were restricted to a sin-
gle fluid phase. Therefore, a series of two-phase flow simulations will be performed to
investigate the effect of interfacial tension applied at the boundary of two fluids for the
case where two immiscible fluids are injected from the opposite inlets of the cross-slot
geometry. By increasing the interfacial tension between the two fluids one can influence
both the streamline curvature <˜ and the strain rate magnitude in the vicinity of the free
stagnation-point located at the geometrical centre of the problem. Thus, the interfa-
cial tension can be used as another means to control the symmetry-breaking instability.
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1.3 Thesis aim and objectives
The aim of this thesis is to investigate the laminar creeping flow structure and discuss
the possible influences of geometrical and rheological parameters on the threshold of
purely-elastic instabilities. To achieve this aim, two different problems are studied. One
which is shear dominated (the Taylor-Couette geometry) and one which is extensional
dominated (the cross-slot geometry).
The objectives in the Taylor-Couette problem are:
• To derive an analytical solution as a benchmark solution for the confined TC
system of creeping flow of a viscoelastic fluid.
• To analyse the effect of confining walls at the top and the bottom of the Taylor-
Couette system on the structure of the main flow.
• To investigate the effect of viscoelasticity on the secondary flow structure and its
possible influences on the threshold rotation speed of purely-elastic instabilities
in a finite aspect ratio Taylore-Couette system.
The objectives in the cross-slot problem is:
• To investigate the effect of addition of a cylinder at the geometrical centre of the
problem and replacement of a finite strain rate free-stagnation point with zero
strain rate pinned stagnation points.
• To derive an analytical expression to predict the onset of the purely-elastic insta-
bility of viscoelastic fluids in the modified geometry.
• To analyse the kinematic properties of flow at a fixed cylinder size by replacing
the no-slip boundary condition with a complete slip at the cylinder wall.
• To conduct a series of numerical simulations for two-phase flow in this geometry.
• To analyse the effect of interfacial tension and the total viscosity ratio of two
fluids on the flowfield and the interface shape of two fluids.
• To investigate the effect of interfacial tension on the curvature of streamlines at
the vicinity of the stagnation point region and threshold of purely-elastic insta-
bility in the cross-slot two-phase flow problem.
• To investigate the effect of the total viscosity ratio of two fluids on the onset of
purely-elastic instability.
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Chapter 2
Viscoelastic models and their
responses to simple flows and
numerical methods
2.1 Constitutive equations
For a fluid which is Newtonian, the stress tensor τ˜s has a linear relationship with the
deformation rate ˜˙γ as:
τ˜s = η˜s˜˙γ, (2.1)
where η˜s is the viscosity of the fluid and is a constant at a specified temperature and
pressure and is not a function of deformation rate or the previous state of the fluid parti-
cles. Any fluid which has a deviation from this behaviour is known as a non-Newtonian
fluid. A wide variety of non-Newtonian fluids exists. In this thesis, in particular, we are
interested in a group of these fluids known as viscoelastic fluids which exhibit a mixed
behaviour of solid elastic materials and viscous fluids, simultaneously. Viscoelastic
fluids exhibit a number of counter intuitive phenomena due to the existence of fluid
memory from the history of the deformation. These specific behaviours for viscoelastic
materials suggests that in order to predict their behaviour correctly, an alternative con-
stitutive equation to equation 2.1 should be employed. Here, four different differential
constitutive equations, namely the upper-convective Maxwell (UCM), the Oldroyd-B
(Oldroyd, 1950), the simplified Phan-Thien and Tanner (sPTT) (Phan-Thien and Tan-
ner, 1977) and the finitely extensible non-linear elastic (FENE-P) (Bird et al., 1980)
models, have been chosen to investigate the effect of viscoelasticity on the flow fields
of the problems to be studied.
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Figure 2.1: Representation of the Maxwell model as a combination of a dash-pot and
a spring.
2.1.1 Upper-convective Maxwell and Oldroyd-B models
Maxwell (1867) was the first researcher who mathematically represented viscoelastic
behaviour via a linear combination of fluid like and elastic response as a dash-pot and
a spring in series as shown in figure 2.1.
For a shearing flow, Maxwell suggested that fluids exhibiting viscoelastic behaviour
could be simply expressed by Newton’s law of viscosity together with Hooke’s law of
elasticity as:
τ˜ + λ˜
∂τ˜
∂t˜
= η˜p(∇u˜+∇u˜T ), (2.2)
where λ˜ =
η˜p
G˜
is the “relaxation” time of the fluid, η˜p is the viscosity of the fluid and G˜
is the elastic modulus. Although this model includes a relaxation time and therefore
elasticity, the prediction is only valid for small amplitude displacements, since it is not
independent of reference frame (Oldroyd, 1950).
Following the concepts presented by Maxwell (1867), the upper-convected Maxwell
(UCM) model was proposed by Oldroyd (1950) as a generalisation of the Maxwell
material for the case of large deformations using an upper-convected time derivative.
The model can be written as:
τ˜ + λ˜
∇
τ˜= η˜p(∇u˜+∇u˜T ), (2.3)
in continuum mechanics, including fluid dynamics, an upper-convected time derivative,
is the rate of change of a tensor property of a fluid that is written in the coordinate
system rotating and stretching with the fluid. The upper-convective derivative of the
extra-stress tensor,
∇
τ˜ , is therefore defined as:
∇
τ˜=
D
Dt˜
(τ˜ )− (τ˜ .∇u˜+∇u˜T .τ˜ ), (2.4)
where the material derivative of an arbitrary matrix Q˜ is defined as D
Dt˜
(Q˜) = (∂Q˜
∂t˜
+
u˜.∇Q˜).
The Oldroyd-B model is one of the simplest constitutive models used to describe the
flow of viscoelastic fluids that includes the history of the flow. This model is equivalent
to an assembled Maxwell element in parallel with a Newtonian solvent counterpart as
illustrated in figure 2.2. The total stress τ˜t in this model can be calculated as:
τ˜t = τ˜ + τ˜s, (2.5)
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Figure 2.2: Representation of the Oldroyd-B model as a combination of dash-pots and
spring.
where τ˜s and τ˜ can be calculated from equations 2.1 and 2.3, respectively and in the
limiting case that η˜s = 0 the UCM model will be recovered.
2.1.2 Simplified Phan-Thien and Tanner model
The simplified Phan-Thien and Tanner constitutive model (sPTT) is derived from
network theory (Phan-Thien and Tanner, 1977) and is a suitable model for simulation
of shear-thinning polymeric fluids (Bird et al., 1987). Similar to the Oldroyd-B model,
the total stress τ˜t can be calculated as a summation of a Newtonian solvent contribution
τ˜s and an extra tensor τ˜ representing the polymeric contribution of the stress tensor
as in equation 2.5, where the extra-stress tensor using the simplified Phan-Thien and
Tanner (sPTT) model may be calculated as follows:
f1τ˜ + λ˜
∇
τ˜= η˜p(∇u˜+∇u˜T ). (2.6)
Here, the f1 function for the linear-sPTT model is defined as follows:
f1 = 1 + α
λ˜
η˜p
Tr(τ˜ ), (2.7)
where α is the extensibility parameter and in the limiting case that α = 0 the sPTT
constitutive equation reduces to the Oldroyd-B model. Additionally, if η˜s = 0 the UCM
model is recovered.
2.1.3 Finitely extensible non-linear elastic model
One other constitutive equation which has frequently been used to simulate the shear-
thinning behaviour of viscoelastic materials is the finitely extensible non-linear elastic
(FENE-P) model (Bird et al., 1980). This model is based on a molecular, coarse-
grained treatment of the polymer molecules as a collection of beads and springs. The
model suggests that dilute polymeric fluids are a mixture of the solvent and polymer,
where the solvent can stretch and convect the polymer molecules that are assumed to
behave like elastic springs. In the limiting case of the spring being able to be stretched
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infinitely, the model becomes the simpler macroscopic Oldroyd-B model. The FENE-P
model may be presented in the following form:
τ˜ + λ˜(
∇
τ˜
f2
) =
aη˜p
f2
(∇u˜+∇u˜T )− aη˜p( D
Dt˜
(
1
f2
))I, (2.8)
where a = L
2
L2−3 and L
2 is also called the extensibility parameter. The f2 function
for the FENE-P model is defined as:
f2 =
L2 + λ˜aη˜pTr(τ˜ )
L2 − 3 . (2.9)
In the limiting case that the extensibility parameter aproaches infinity (i.e. L2 → ∞)
the model reduces to the Oldroyd-B model. Additionally once the solvent viscosity is
set to zero (i.e. η˜s = 0), the UCM model is recovered.
2.1.4 Conformation law for viscoelastic fluids
For polymeric fluids, the constitutive equations can often be defined as a function of a
state variable known as the conformation tensor A. One can regard the conformation
tensor as a measure of an internal strain (see Leonov (1976), Dashner and VanArsdale
(1981)) or as a quantity that is directly measurable in optical measurements (see Pe-
terlin (1976)). In this formulation, an evolution equation for the conformation tensor
can be written as:
λ˜
∇
A= F (A), (2.10)
where the tensor F (A) takes different forms in various models. For the Oldroyd-B
model, this function can be presented as
F (A) = I −A, (2.11)
where I is the identity tensor. For the sPTT model, the F (A) function may presented
as:
F (A) = (1 + α(Tr(A)− 3))(I −A). (2.12)
In this presentation, the extra-stress tensor for the Oldroyd-B and sPTT models can
be calculated as:
τ˜ =
η˜p
λ˜
(A− I). (2.13)
In the FENE-P model, the F (A) function may expressed as:
F (A) =
I
1− 3/L2 −
A
1− Tr(A)/L2 . (2.14)
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The extra-stress tensor for the FENE-P model can be calculated as:
τ˜ =
η˜p
λ˜
1
1− (Tr(A)/L2)(A−
1− Tr(A)
L2
1− 3/L2 I). (2.15)
2.2 Standard rheological flows
Experimental rheologists have reported a vast literature of observations on viscoelastic
fluids, in standard “rheological” flows. Before we start to use the described viscoelastic
constitutive equations in complex flows, in this section, some of the non-Newtonian
effects that these constitutive equations are capturing in simple flows will be discussed
first. The two flows studied in this section (i.e. simple shear and simple elongational
flows) may be considered as the classic flows frequently used in rheological measure-
ments.
2.2.1 Steady simple shear flow (SSSF)
Steady simple shear flow is the most common flow type investigated in rheology. Figure
2.3 shows a two-dimensional schematic of the velocity profile in simple shear flow. In
a simple shear flows, the flowfield is known to have a rectilinear distribution with
layers of fluid sliding past each other. In this type of flow, the velocity only varies in
one direction, in the x˜2 direction as illustrated in figure 2.3. In practical rheometery,
this flow distribution is only achieved in the narrow gap limit (when H˜ → 0), and at
relatively small Reynolds numbers when inertial effects are insignificant.
Figure 2.3: Flowfield in simple shear (Morrison, 2001).
Steady simple shear flow can be generated by putting a fluid sample between two
parallel walls and moving one of the walls at a constant velocity in a specific direction.
There are several configuration which experimentalists use to generate an approximate
simple shear flow and in Figure 2.4 some of them are presented.
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Figure 2.4: Geometries used to produce shear flow in commercial and research rheome-
ters. (a) Rectilinear parallel plate. (b) Rectilinear double parallel plate. (c) Torsional
parallel plate or parallel disk. (d) Torsional cone and plate. (e) Couette or cup and
bob. (f) Double-walled Couette (Morrison, 2001).
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In the following subsections the steady simple shear flow problem will be solved for
the UCM, Oldroyd-B, sPTT and FENE-P models.
Upper-convective Maxwell and Oldroyd-B models
Here, the response of both the UCM and Oldroyd-B models in simple shear flows will
be investigated. Knowing that the velocity vector for simple shear flow in Cartesian
coordinates is defined as:
u = (˜˙γx˜2, 0, 0)x˜1,x˜2,x˜3 , (2.16)
now the tensor ∇u is:
∇u =
0 0 0˜˙γ 0 0
0 0 0
 , (2.17)
so the UCM model (i.e. equation 2.3) in tensor form can be written as:τ˜xx τ˜xy τ˜xzτ˜xy τ˜yy τ˜yz
τ˜xz τ˜yz τ˜zz
−
λ˜˜˙γτ˜xy 0 0λ˜˜˙γτ˜yy 0 0
0 0 0
−
λ˜˜˙γτ˜xy λ˜˜˙γτ˜yy 00 0 0
0 0 0
 =
 0 η˜p ˜˙γ 0η˜p ˜˙γ 0 0
0 0 0
 , (2.18)
which gives the following scalar equations:
τ˜yy = τ˜yz = τ˜zz = τ˜xz = 0, (2.19)
τ˜xx = 2λ˜˜˙γτ˜xy, (2.20)
τ˜xy − λ˜˜˙γτ˜yy = η˜p ˜˙γ. (2.21)
From equation 2.19 and 2.21 one can obtain:
τ˜xy = η˜p ˜˙γ. (2.22)
From equation 2.22 and 2.20 one can obtain :
τ˜xx = 2λ˜η˜p ˜˙γ
2. (2.23)
As the Oldroyd-B model is thus equal to the UCM model plus a Newtonian solvent,
the total stress for the Oldroyd-B model in SSSF can be presented as:
τ˜ =
 2λ˜η˜p ˜˙γ2 (η˜p + η˜s)˜˙γ 0(η˜p + η˜s)˜˙γ 0 0
0 0 0
 (2.24)
One can realize that the presence of the polymers has made two changes to the New-
tonian stress: firstly, the shear viscosity is changed from η˜s to η˜p + η˜s. Secondly, there
is a difference between the two diagonal stress components τ˜xx and τ˜yy. This difference
is called the first normal-stress difference (i.e. N1 = τ˜xx − τ˜yy = 2λ˜η˜p ˜˙γ2). As a stress
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acting along the flow lines (xx-direction) it has the opposite sign to pressure so it acts
like a tension: the streamlines are like stretched rubber bands. N1 is the driving force
behind the rod-climbing experiment (shown in Figure 2.5) also known as the “Weis-
senberg” effect (Bird et al., 1987). In this problem, the rod in the middle is rotated,
causing a shear flow round the outside. The streamlines are circular, so their tension
causes the fluid to move to the middle (the only place it can go is therefore up the rod).
Similar to the first normal-stress difference one can define the second normal-stress
difference as N2 = τ˜yy − τ˜zz in which the Oldroyd-B model predicts a zero value (i.e.
N2 = 0) in SSSF.
Figure 2.5: Rod-climbing experiment (Boger and Walters, 2012).
Simplified Phan-Thien and Tanner model
The sPTT model in its matrix form can be represented as:
(1 +
λ˜α
η˜p
(τ˜xx + τ˜yy + τ˜zz))
τ˜xx τ˜xy τ˜xzτ˜xy τ˜yy τ˜yz
τ˜xz τ˜yz τ˜zz
−
λ˜˜˙γτ˜xy 0 0λ˜˜˙γτ˜yy 0 0
0 0 0

−
λ˜˜˙γτ˜xy λ˜˜˙γτ˜yy 00 0 0
0 0 0
 =
 0 η˜p ˜˙γ 0η˜p ˜˙γ 0 0
0 0 0
 ,
(2.25)
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which gives the following scalar equations:
(1 +
λ˜α
η˜p
(τ˜xx + τ˜yy + τ˜zz))(τ˜yy) = (1 +
λ˜α
η˜p
(τ˜xx + τ˜yy + τ˜zz))(τ˜yz)
= (1 +
λ˜α
η˜p
(τ˜xx + τ˜yy + τ˜zz))(τ˜zz) = 0,
(2.26)
(1 +
λ˜α
η˜p
(τ˜xx + τ˜yy + τ˜zz))τ˜xx = 2λ˜˜˙γτ˜xy, (2.27)
(1 +
λ˜α
η˜p
(τ˜xx + τ˜yy + τ˜zz))τ˜xy − λ˜˜˙γτ˜yy = η˜p ˜˙γ. (2.28)
From equation 2.26 one can say τ˜yy = τ˜yz = τ˜zz = 0 (due to the non-homogeneous
form of equation 2.28 the (1 + λ˜αη˜p (τ˜xx + τ˜yy + τ˜zz)) term cannot be equal to zero so
τ˜yy = τ˜yz = τ˜zz = 0). From equation 2.27 we have:
(1 +
λ˜α
η˜p
(τ˜xx + τ˜yy + τ˜zz)) =
2λ˜˜˙γτ˜xy
τ˜xx
(2.29)
substituting equation 2.29, into equation 2.28, one can obtain τ˜xy as a function of τ˜xx
as follows:
τ˜xx =
2λ˜
η˜p
τ˜2xy, (2.30)
Now, by replacing equation 2.30 into equation 2.29, one can calculated the shear stress
as:
τ˜xy = η˜p(
1
6
61/3(˜˙γ3(
√
3
√
27α˜˙γ2λ˜2+2
λ˜2α
+ 9˜˙γ)λ˜4α2)1/3
λ˜2 ˜˙γα
−1
6
˜˙γ62/3
(˜˙γ3(
√
3
√
27α˜˙γ2λ˜2+2
λ˜2α
+ 9˜˙γ)λ˜4α2)1/3
).
(2.31)
From equation 2.31 one can realize that as ˜˙γ → ∞ the extra shear stress should scale
as τ˜xy ∝ ˜˙γ1/3. Consequently, a combination of this scaling with equation 2.30 would
suggest that in the limit that ˜˙γ →∞ the extra normal-stress should scale as τ˜xx ∝ ˜˙γ2/3.
Defining the viscosity of a viscoelastic fluid as η˜ =
τ˜t,xy
˜˙γ
where τ˜t,xy = τ˜xy + η˜s ˜˙γ, one
can realize that unlike the Oldroyd-B model, the viscosity of sPTT fluids in not con-
stant but depends on ˜˙γ, α and λ˜. In steady simple shear flows, the analysis suggests a
non-zero value for the first normal-stress difference N1 and a zero second normal-stress
difference N2. Figure 2.6 represents the variation of the shear viscosity of sPTT fluids
versus λ˜ ˙˜γ for different extensibility parameter α at a constant solvent-to-total viscosity
ratio β = 1/9. As shown, for a typical sPTT fluid, the viscosity of the fluid varies with
shear rate. At small shear rates, as the shear rate approaches zero, the viscosity reaches
to a constant value know as the zero shear rate viscosity. As shear rate increases and
asymptotes to infinity, the shear viscosity exhibits another constant value which is equal
to the viscosity of the solvent part of the fluid (β in dimensionless form). In between
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these two limits, by increasing the shear rate, the viscosity reduces from the zero shear
rate viscosity to the value of the solvent viscosity. As shown in Figure 2.6, by increasing
the value of the extensibility parameter α the shear-thinning behaviour of the sPTT
fluids starts at smaller values of shear rate. The inset in Figure 2.6, shows variation
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Figure 2.6: Variation of shear viscosity and normal-stress with shear rate for different
values of the extensibility parameter α with β = 1/9 .
of the first normal-stress difference made dimensionless by the total shear stress (i.e.
τ˜t,xy = τ˜xy + η˜s ˜˙γ). As shown in Figures 2.6 - 2.7, in the small shear rate limit (i.e.
˜˙γ → 0), the viscosity of the fluid tends toward the constant value predicted by the
Oldroyd-B model and from equation 2.31 one can deduce that the stress should scale
linearly and the normal stresses should scale as τ˜xx ∝ ˜˙γ2 (identical to the Oldroyd-B
prediction). As discussed earlier, by increasing the shear rate and approaching the
˜˙γ → ∞ limit, the normal-stress scales as τ˜xx ∝ ˜˙γ2/3. By including the contribution of
the solvent shear stress in the total shear stress (i.e. τ˜t,xy) the dominant term in the
high shear rate limit would be the Newtonian contribution and will scale as τ˜t,xy ∝ ˜˙γ.
So, as ˜˙γ → ∞ the normalized normal-stress would scale as N1/τ˜t,xy ∝ ˜˙γ−1/3 as shown
in Figure 2.6 - 2.7. The presented results also suggest that at a constant shear rate in
the shear-thinning regime, by increasing the extensibility parameter α, both the shear
viscosity and the maximum dimensionless normal-stress decrease.
Figure 2.7 represents the shear-thinning behaviour of sPTT fluids for different values
of the solvent-to-total viscosity ratio parameter β. From equation 2.31 and the defini-
tion of the shear viscosity one can show for β = 0 (i.e. η˜s = 0), in the limit that the
shear rate goes to infinity, the shear viscosity should asymptote to zero as η˜ = η˜p ∝ ˜˙γ2/3.
In this specific case (no solvent contribution), the dimensionless normal-stress scales as
N1/τ˜t,xy ∝ ˜˙γ1/3 (see Figure 2.7). As illustrated in Figure 2.7, by adding the solvent
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contribution, the dimensionless first normal-stress difference decreases which is related
to the growth of the τ˜t,xy term. Also, by increasing the shear rate, the viscosity of the
fluid tends toward the dimensionless viscosity of the solvent β.
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Figure 2.7: Variation of shear viscosity and normal-stress with shear rate for different
values of solvent-to-total viscosity ratio with α = 0.1 .
FENE-P model
Expanding the upper-convective derivative in equation 2.8, the FENE-P model can be
rewritten as:
τ˜ + λ˜((
∇
τ˜
1
f2
) + τ˜ (
∇
1
f2
)) =
aη˜p
f2
(∇u˜+∇u˜T )− aη˜p( D
Dt˜
(
1
f2
))I. (2.32)
In ideal steady-state shear/extensional flows, the terms (
∇
1
f2
)) and aη˜p(
D
Dt˜
( 1f2 ))I are
equal to zero, so the FENE-P model reduces to (Oliveira, 2009):
f2τ˜ + λ˜
∇
τ˜= aη˜p(∇u˜+∇u˜T ). (2.33)
The FENE-P model in its matrix form for pure shear flow can the be represented as:
f2
τ˜xx τ˜xy τ˜xzτ˜xy τ˜yy τ˜yz
τ˜xz τ˜yz τ˜zz
−
λ˜˜˙γτ˜xy 0 0λ˜˜˙γτ˜yy 0 0
0 0 0
−
λ˜˜˙γτ˜xy λ˜˜˙γτ˜yy 00 0 0
0 0 0
 = a
 0 η˜p ˜˙γ 0η˜p ˜˙γ 0 0
0 0 0
 ,
(2.34)
which gives three scalar equations:
f2τ˜yy = f2τ˜yz = f2τ˜zz = f2τ˜xz = 0, (2.35)
f2τ˜xx = 2λ˜˜˙γτ˜xy, (2.36)
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f2τ˜xy − λ˜˜˙γτ˜yy = aη˜p ˜˙γ, (2.37)
From equation 2.35 one can say τ˜yy = 0. From equation 2.36 we have:
f2 =
2λ˜˜˙γτ˜xy
τ˜xx
. (2.38)
Substituting equation 2.38, into equation 2.37, one can obtain τ˜xy as a function of τ˜xx
as follows:
τ˜xx =
2λ˜
aη˜p
τ˜2xy. (2.39)
Now, by using equations 2.38 and 2.39, one can calculated the shear stress as:
τ˜xy = η˜p(
1
6
61/3ff
λ˜(L− 3) −
1
6
L262/3
λ˜ff
), (2.40)
where function ff is defined as:
ff = (L2(
√
3
√
(27L˜˙γ2λ˜2 − 81˜˙γ2λ˜2 + 2L2)
(L− 3) + 9
˜˙γλ˜)(L− 3)2)(1/3). (2.41)
Using the definition of viscosity, one can show that unlike the Oldroyd-B model (but
like the sPTT model), the shear viscosity of the FENE-P model is not constant and
depends on ˜˙γ, L2 and λ˜. Also, the first normal-stress difference has a positive value
and second normal-stress difference is equal to zero in SSSF.
In Figures 2.8 - 2.9 the variation of the shear viscosity and the first normal-stress
difference with shear rate for different values of the extensibility parameter L2 and
solvent-to-total viscosity ratio parameter β is plotted. As shown, at low shear rates,
the viscosity of fluids following the FENE-P model tends to a constant zero shear rate
viscosity value. By increasing the shear rate, the fluid initially exhibits a shear-thinning
behaviour. As the shear rate goes to higher values, the polymeric contribution of the
viscosity tends to zero and the viscosity asymptotes to the value of the solvent. As
also shown in Figure 2.8, by increasing the value of the extensibility parameter L2 the
shear-thinning behaviour of the fluid starts at higher values of shear rate which conse-
quently increases the maximum normal-stress magnitude. One can show (see equation
2.40 and 2.41) that at low shear rates the normal-stress scales with ˜˙γ. On the other
hand, in the high shear rate limit (i.e. ˜˙γ → ∞), from equation 2.40, one can realize
that the extra shear stress should scale as τ˜xy ∝ ˜˙γ1/3. Consequently, a combination of
this result with equation 2.39 would suggest that in the limit that ˜˙γ → ∞ the extra
normal-stress should scale as τ˜xx ∝ ˜˙γ2/3. This matter suggests that the shear viscosity
and normal-stress should scale similarly to sPTT model in the ˜˙γ →∞ limit (as shown
in Figures 2.8 - 2.9).
Figure 2.9 show the variation of the shear viscosity with the solvent-to-total viscosity
ratio parameter β which is similar to the behaviour seen in the sPTT model.
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Figure 2.8: Variation of shear viscosity and normal-stress with shear rate for different
values of the extensibility parameter L2 with β = 1/9 .
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2.2.2 Shear-free flows
In general, standard simple flows divide into two main categories; shear and shear-free
flows. As discussed in section 2.2.1, flows with non-zero off-diagonal components of the
deformation tensor D˜ = ∇u˜ +∇u˜T are known as shear flows. Elongational flow is a
shear-free flow, that experiences a streamwise gradient of velocity. In these types of
flow, all the off-diagonal components of the deformation tensor are zero. The diagonal
components of the stress tensor are known as the normal-stresses. The off-diagonal
components of the stress tensor are presenting the shear stress in different directions.
There are three types of simple, shear-free flows that are commonly discussed in rheol-
ogy, and, like shear flow, they are defined in terms of their velocity profiles (Bird et al.,
1987) as:
1-UNIAXIAL ELONGATIONAL FLOW
This type of flow, uniaxial elongational, mainly appears in polymer-processing opera-
tions such as fiber spinning and injection molding. Near the centreline of the flow in
fibre spinning, for example, fluid particles are stretched uniformly (Figure 2.10).
Figure 2.10: uniaxial extension flow appearing in fiber-spinning (Morrison, 2001).
The idealized form of this stretching flow is known as uniaxial extensional flow
which is defined by a velocity profile as follows:
u˜ = (− ˙
2
x1,− ˙
2
x2, ˙x3), ˙ > 0 (2.42)
where, ˙ is known as the elongation rate which has a positive value. As shown in
equation 2.42, the velocity profile has a 3D distribution with a high elongational flow
appearing in one of the dimensions and contraction occurring in other two dimensions,
equally. The graphical representation of the velocity profile is shown in Figure 2.11.
2- BIAXIAL STRETCHING FLOW
Once the fluid element is subjected to squeezing in between two lubricated surfaces,
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Figure 2.11: Two-dimensional representations of the velocity field in uniaxial elonga-
tional flow. (a) The velocity field is the same in in any planes that includes the x˜3 axis.
(b) Velocity field in the x˜1 − x˜2 plane with a stagnation point at the geometric center
of the problem (Morrison, 2001).
or once a liquid film is inflating (Figure 2.12), typically, the velocity profile represents
a biaxial elongational flow. In this type of flow, the velocity profile follows the same
distribution as the uniaxial elongational flows but with ˙ < 0, as:
u˜ = (− ˙
2
x1,− ˙
2
x2, ˙x3), ˙ < 0 (2.43)
Maybe a proper way to describe the difference between uniaxial and biaxial elon-
(a)                                                                     (b)
~
~
~
~ ~
~ ~ ~ ~
~ ~
Figure 2.12: Testing configuration that produces biaxial flow by (a) inflating a liquid
film and (b) lubricated squeezing (Morrison, 2001).
gational flows is by looking at the deformation of a fluid element in these flows. In
uniaxial elongational flow, the fluid element is stretched in one direction, while in the
other two directions it is contracting. As an example, for a cube of an incompressible
fluid undergoing an uniaxial elongational deformation, the fluid element would be de-
formed into a cuboid of rectangular shape. One side of the cube would experience a
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Figure 2.13: Schematics of the deformation (shape change) produced by (a) uniaxial
elongational flow, (b) biaxial stretching flow (Morrison, 2001).
stretch and become twice as long as it was, while the other two sides would compress
by a factor of 1/
√
2. On the other hand, once an incompressible cubic element of the
fluid experiences a biaxial elongational flow, in the main direction of deformation, the
fluid element will be contracted by a factor of 1/4 and will be stretched in the other
two direction by a factor of two. This matter is illustrated in Figure 2.13
3-PLANAR ELONGATIONAL FLOW
One another type of shear-free flow that is in particular interest to this thesis is the
planar elongational flow that occurs for example in cross-slot flows.
Figure 2.14: Schematics of the deformation (shape change) produced by planar elon-
gational flow (Morrison, 2001).
The velocity profile describing an ideal planar elongation flow may be described as
follows:
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u˜ = (˙x1,−˙x2, 0). ˙ > 0 (2.44)
As one can expect, the planar elongational flow occurs in a two-dimensional planar
flow (so no deformation is allowed in the third direction (i.e. u3 = 0)). This flow is
of particular interest for researchers, since adding a constraint on one of the directions
makes the numerical simulations or experimental studies much easier.
The deformation applied on a cube of an incompressible fluid in planar elongation
flow is illustrated in Figure 2.14. If one side of the cube is stretched to twice its length
in the flow direction, then the cube must contract by a factor of 2 along the other
direction to satisfy conservation of mass.
Planar elongational flows of upper-convective Maxwell and Oldroyd-B fluids
Here, the response of the UCM and Oldroyd-B models in planar elongational flows will
be investigated. Knowing that the velocity vector for simple shear flow in Cartesian
coordinates is defined as presented in equation 2.44, now the tensor ∇u is:
∇u =
(
˙ 0
0 −˙
)
, (2.45)
so the UCM model 2.3 in tensor form can be written:(
τ˜xx τ˜xy
τ˜xy τ˜yy
)
−
(
λ˜˙τ˜xx λ˜˙τ˜xy
−λ˜˙τ˜xy −λ˜˙τ˜yy
)
−
(
λ˜˙τ˜xx −λ˜˙τ˜xy
λ˜˙τ˜xy −λ˜˙τ˜yy
)
= 2
(
η˜p˙ 0
0 −η˜p˙
)
, (2.46)
which gives three scalar equations:
τ˜xy = 0, (2.47)
τ˜xx − 2λ˜˙τ˜xx = 2η˜p˙, (2.48)
τ˜yy + 2λ˜˙τ˜yy = −2η˜p˙, (2.49)
From equations 2.47 - 2.49 one can obtain:
τ˜xy = 0, τ˜xx =
2η˜p˙
1− 2λ˜˙ , τ˜yy = −
2η˜p˙
1 + 2λ˜˙
. (2.50)
In a Newtonian fluid we have:
τ˜s =
(
2η˜s˙ 0
0 −2η˜s˙
)
. (2.51)
Using the definition of the extensional viscosity η˜e as:
η˜e =
τ˜xx − τ˜yy
˙
. (2.52)
Using this definition, the Oldroyd-B fluid has extensional viscosity of:
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Figure 2.15: Variation of elongational viscosity with strain rate for Oldroyd-B fluids
for β = 1/9 .
η˜e = 4η˜s +
4η˜p
1− 4λ˜2˜˙2 . (2.53)
Figure 2.15 represents the variation of the viscosity with strain rate for the Oldroyd-
B fluids in a planar elongational flows. Using a comparison between the stress distribu-
tion of Newtonian fluids (equations 2.51) and Oldroyd-B fluids (equation 2.50) one can
realize that the addition of polymer to the flow may add a dependency of the elonga-
tional viscosity to both the strain rate and relaxation time of the fluid (as also shown
in equation 2.53). This strain dependency of the Oldroyd-B fluids predicts a strain-
hardening behaviour (the viscosity increases with increasing strain rate) for low strain
rates but for higher strain rates disaster appears; the viscosity diverges at λ˜˜˙ = 0.5 and
at higher strain rates, the model predicts a negative value for the steady-state elonga-
tional viscosity! One should note that the Oldroyd-B model initially was designed based
on the linear deformation of a spring in shear flows, where the stretch is fairly moder-
ate; for elongational flows as observed here, a linear spring can stretch indefinitely and
therefore give infinite stress. The standard approach to circumnavigate this difficulty
at this point is to use a non-linear spring law similar to a finite extensibility non-linear
elasticity model (i.e. family of FENE models). Similar to the method presented for
the Oldroyd-B fluids, one should be able to solve the stress distribution for the sPTT
and FENE-P model in planar elongational flow and to extend these analysis to obtain
elongational viscosity functions in this type of flowfield (Purnode and Crochet, 1998).
Due to the large size of the equations involved in the solution the analytical solutions
are not presented here but the results are presented and discussed.
In Figure 2.16 the variation the planar elongational viscosity with strain rates for
different values of the extensibility parameters in both the sPTT and FENE-P models
are presented. Unlike the Oldroyd-B model which predicts a singularity followed by
non-physical negative values of the elongational viscosity after a critical strain rate, in
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Figure 2.16: Variation of planar elongational viscosity with strain rate for different
values of the extensibility parameters in sPTT and FENE-P models for β = 1/9.
the sPTT and FENE-P models the elongational viscosity varies between two bounded
values. In both of these models, at small strain rates the dimensionless elongational
viscosity approaches to four which is the Newtonian prediction. In the sPTT model, by
increasing the α parameter the maximum value of the elongational viscosity reduces as
the strain rate increases. A similar trend can be observed by reducing the L2 parameter
in the FENE-P model.
In Figure 2.17 the variation of the elongational viscosity for different values of
solvent-to-total viscosity ratio parameters β is presented. As can be seen, by increasing
the value of β, the maximum value of the elongational viscosity at high shear rates
reduces. The same trend can be observed for the FENE-P model which is related to
the reduction of the polymeric stress contribution.
2.2.3 On the similarity of FENE-P and sPTT models in simple shear
flows
As discussed earlier, after expanding the upper convective derivative in the FENE-P
model, in the limit where L2 finds a large value, a ≈ 1 and the FENE-P model reduces
to (Oliveira, 2009):
(1 +
λ˜(Tr(τ˜ ))
η˜pL2
)τ˜ + λ˜
∇
τ˜= η˜p(∇u˜+∇u˜T ). (2.54)
This issue suggests that in “viscometric” flows, assuming L2 >> 1, both the FENE-P
and sPTT models are identical when α = 1
L2
. In Appendix E and Figure E.1, this
44
10-5 100 105
4
6
8
10
12
14
16
18
20
sPTT( =0.1)
sPTT( =0.9)
FENE-P( =0.1)
FENE-P( =0.9)
Figure 2.17: Variation of elongational viscosity with strain rate for different values of the
solvent-to-total viscosity ratio parameters β in sPTT (α=0.1) and FENE-P (L2 = 10)
models.
point is illustrated by plotting viscometric functions of both the SPTT and FENE-P
models with α = 2e− 4 and L2 = 5000, respectively, with β = 1/9. In appendix E this
effect is investigated in the cross-slot geometry to see if matching steady-state materiel
properties alone is sufficient to observe the same flow behaviour in a complex flow.
2.3 Numerical methods
In this section, a brief overview of the employed numerical methods used in this thesis
are presented. The governing equations related to the estimation of the extra stress
tensor in viscoelastic fluids were represented in section 2.1. In section 2.3.1 a discussion
on the governing equation which are required to be coupled with the extra stress tensor
for simulations of single-phase flow problems is presented. In section 2.3.2, the equations
governing the motion of two-phase fluid flows is discussed using a volume of fluid (VOF)
method.
Here the rheoTool platform in the OpenFOAM is used which was previously intro-
duced by Pimenta and Alves (2017). In these types of solvers, instead of dealing with
large values of stress components in the global coordinate system, the logarithm of the
eigenvalues of the stress tensor in a local coordinate system consisting of the eigenvec-
tors of the stress tensor (i.e. principal axis) are calculated and solved (Afonso et al.,
2012; Fattal and Kupferman, 2004). More details about this approach are provided in
section 2.3.3. In Appendix A, we develop an analytical platform for the time/space
evolution of the extra stress tensor to apply a transformation based on the bounded
properties of arctangent function (i.e. Atan). This analytical platform is embedded in
the rheoFoam solver and the merit of this newly-introduced formulation is benchmarked
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Figure 2.18: Comparison of rheological properties; (a) elongational viscosity, (b) shear
viscosity and the first normal-stress, between sPTT (α = 2e − 4) and FENE-P (L2 =
5000) models with β = 1/9, in standard pure shear and planar elongational flows.
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in three different geometries.
2.3.1 Governing equation in single-phase flow problems
The governing equations for the motion of single-phase fluids assuming incompressibility
are conservation of mass and momentum:
∇.u˜ = 0, (2.55)
ρ˜(
∂u˜
∂t˜
+ u˜.∇u˜) = −∇p˜+∇.τ˜ + η˜s∇2u˜, (2.56)
where ρ˜ is the density of the fluid, u˜ is the velocity vector, η˜s is the solvent viscosity
and τ˜ is the extra-stress tensor containing the polymeric contribution to the stress (as
discussed in subsections 2.1.1 and 2.1.3).
In computational fluid dynamics (CFD), a number of different numerical methods can
be applied for discretization of the governing equations used for the simulation of the
fluid flow. Amongst these, one of the most popular approaches is the Finite Volume
(FV) method in which the computational domain is decomposed into a number of
smaller finite control-volumes (Versteeg and Malalasekera, 2007; Baliga and Patankar,
1983; Moukalled et al., 2016). The governing equations describing the problem are
integrated over the control volume, and after applying Gauss’s theorem, the unknown
values related to the control volumes are calculated using an iterative approach (Ver-
steeg and Malalasekera, 2007). Here, in numerical simulations of the single-phase flow
problem, the governing equations are solved using a finite volume method in the rheo-
Foam solver (Pimenta and Alves, 2017).
2.3.2 Governing equation in two-phase flow problems
To simulate a two phase flowfield, there have been various numerical procedures sug-
gested. These numerical approaches may generally be divided into two main categories
known as “interface tracking” and “interface capturing” methods. Amongst the inter-
face tracking methods, such as immersed boundary (Peskin, 1982; Mittal and Iaccarino,
2005), front-tracking (Tryggvason et al., 2001) and boundary integral (Peterlin, 1976)
methods have received considerable attention due to their accurate prediction of the
shape of the interface at the boundary of the two fluids. In such methods, a moving
sharp boundary is considered to track the interface of the two fluids. Tracking methods
are known to be accurate for most flows but due to singularity issues in problems with
morphological change such as the ones observed in droplet breakup and coalescence
(Jacqmin, 1999; Yue et al., 2004; Magaletti et al., 2013) cannot be used for these types
of simulations. Also, due to the presence of a moving mesh (which needs to be updated
and reconstructed in every time step in the simulation), one can realize such methods
to be expensive with respect to their simulation computational time.
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In contrast, in the numerical simulations involving interface capturing methods,
the mesh is static (i.e. fixed grid distribution) and the interface between the two flu-
ids is defined based on the variation of a scalar phase indicator parameter C. The
Volume of fluid (VOF) and phase-field (PF) methods are probably the most popular
interface capturing methods. For VOF and PF, this scalar quantity is usually related
to a volume fraction or a mass concentration. In these methods, the scalar param-
eter C varies in between two limits (mostly 0 ≤ C ≤ 1), and C equal to the lower
and upper limits are indicative of the fluid-1/fluid-2, respectively. The interface of the
two fluids is specified where C exhibits a mid-value in between of these two limits of 0.5.
In the VOF method, in order to find the evolution of the C parameter, generally,
the classic transport diffusion equation is solved, while in the phase-field model, this
equation has an additional double well potential term in comparison to the classic dif-
fusion equation. In these methods, the system is dealt with as one single fluid with
variable properties. By solving the transport equation for the C parameter, one can
define different properties in space and time based on the regions that different fluid
flows and treat the interfacial tension as a body force.
In this thesis, the VOF method is used to deal with the simulation of two-phase
flow problems. To find the variation of the C parameter in the space and time domain,
the standard diffusion transport equation is solved as:
∂C
∂t˜
+ u˜.∇C. 0 ≤ C ≤ 1 (2.57)
For a binary fluid composed of fluid-1 and fluid-2, the rheological properties of each
phase such as the viscosity, density and the the relaxation time should remain constant
in the bulk of each phase domain and vary across the interface. Once the space/time
distribution of the C parameter is found one can define any different property of the
simulated fluid as a linear function of C as follows:
ρ˜ = Cρ˜1 + (1− C)ρ˜2, (2.58)
η˜s = Cη˜s,1 + (1− C)η˜s,2, (2.59)
η˜p = Cη˜p,1 + (1− C)η˜p,2, (2.60)
λ˜ = Cλ˜1 + (1− C)λ˜2, (2.61)
where indices 1 and 2, indicates properties of fluid-1 and fluid-2. The governing equa-
tions for the motion of this fluid are conservation of mass, assuming incompressibility,
and momentum:
∇.u˜ = 0, (2.62)
ρ˜(
∂u˜
∂t˜
+ u˜.∇u˜) = −∇p˜+∇.τ˜ + η˜s∇2u˜+ F˜ . (2.63)
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In this presentation, F˜ is the body force applied at the interface of the two fluids due
to the existence of the interfacial tension and is calculated as (Figueiredo et al., 2016;
Brackbill et al., 1992):
F˜ = σ˜κ˜nδ˜i, (2.64)
where σ˜ is the surface tension coefficient, κ˜ is the interface curvature and is calculated
using the HF method (Francois et al., 2006), n is the normal vector to the interface
and ˜deltai is the δ-function at the interface. To solve the series of equations presented
in 2.57 - 2.63 along with the appropriate constitutive equation for the calculation of
the extra stress-tensor the rheoInterFoam solver in OpenFoam, introduced previously
in the rheoTool package is used (Pimenta and Alves, 2017).
2.3.3 Kernel-conformation approach
For polymeric fluids, constitutive laws for the extra stress tensor can often be defined
as a function of the conformation tensor A as already discussed in section 2.1.4 (Mor-
rison, 2001). Describing the effect of advection and deformation of the flowfield on the
conformation tensor using an upper convective derivative, most of these models which
are used to describe evolution of the polymeric stress in time and space can be written
in the following generic format (Bird et al., 1987):
∂A
∂t
+ (u.∇)A = A∇u+∇uTA+ F (A)
Wi
H(A), (2.65)
where u is the non-dimensional velocity vector. The Weissenberg number is defined
as Wi = U˜ λ˜
L˜
, where λ˜ is the relaxation time and U˜ and L˜ are the reference velocity
and length scales. F (A) and H(A) are scalar and tensor parameters that allow the
definition of specific constitutive models such as Oldroyd-B, Phan-Thien and Tanner
and FENE-type models (Bird et al., 1987). The conformation tensor is a symmetric
positive definite (SPD) tensor and during computational steps in numerical simulations
should, in theory, remain SPD (positive definite matrix is a symmetric matrix whose
eigenvalues are all positive).
The loss of positive definiteness, often related to the so-called High Weissenberg
Number Problem (HWNP) (Afonso et al., 2012) is thought to be a consequence of
the failure of employed computational approaches to balance the large growth of the
conformation tensor and the convection terms in the evolution equation (Joseph, 1990;
Afonso et al., 2012; Fattal and Kupferman, 2004, 2005; Balci et al., 2011). Recalling
that any SPD tensor can be diagonalized, the conformation tensor A in a nominal
Cartesian coordinate system x1, x2, x3 may be written as follows (Morrison, 2001):
[A]x1,x2,x3 ≡ A =
A11 A12 A13A21 A22 A23
A31 A32 A33

x1,x2,x3
, (2.66)
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where the subscribe x1, x2, x3 on the matrix indicates that the coefficients are written in
the x1, x2, x3 coordinate system. This matrix can be also written in a principal frame
with the basis vector χ1, χ2, χ3 in a diagonal form as (Morrison, 2001; Myint-U and
Debnath, 2007):
[A]χ1,χ2,χ3 ≡ Θ =
Γ11 0 00 Γ22 0
0 0 Γ33

χ1,χ2,χ3
, (2.67)
where, the rotation matrix O that transforms the matrix A in the x1, x2, x3 coordinate
system to the diagonal matrix Θ in the χ1, χ2, χ3 coordinate system may be calculated
using (Morrison, 2001; Fattal and Kupferman, 2004, 2005; Afonso et al., 2012):
OTAO = Θ. (2.68)
In this presentation, O embodies the orthogonal coordinate system in which the con-
formation tensor only has extensional components (i.e. the elements of the diagonal
matrix Θ). Here, O and Θ show the unitary eigenvector and eigenvalues of the confor-
mation tensor, respectively. Once the rotation matrix is calculated from the eigenvalue
problem in equation 2.68, one can calculate the coefficients of χ1, χ2, χ3 of the principal
coordinate system in x1, x2, x3 coordinate system as [χi]χ1χ2χ3 = O
T [xi]x1x2x3 . Know-
ing that the positive definiteness is a tensor property that is independent of the chosen
coordinate system, equation 2.68 suggests that the diagonal components of Θ to have
positive values. To deal with the HWNP, Fattal and Kupferman (2004, 2005) suggested
applying a logarithmic transformation on the conformation tensor to reduce the mag-
nitude of the stress tensor components. To avoid negative values when the log function
is applied, it has been suggested to solve the problem in the coordinate system which
is defined by the eigenvectors of the conformation tensor and to apply the log function
on the elements of the diagonal matrix Θ (which are known to have positive values).
This transformation is now known as the “log-conformation transformation” and has
been shown to be an effective approach in computational rheology, especially for sim-
ulation of problems dealing with singularities of the conformation tensor. Indeed, the
log-conformation approach is used in the majority of results in this thesis. Following on
from the original work carried out by Fattal and Kupferman (2004, 2005), Balci et al.
(2011) suggested another approach to deal with the loss of positive definiteness of the
conformation tensor. In this work, they suggested to use a square root instead of a log
function to alleviate the HWNP. In this approach, knowing a positive-definite confor-
mation tensor has a unique symmetric square root, they have shown that the evolution
equation for the conformation tensor can be calculated without obtaining the eigen-
value and eigenfunction of the conformation tensor, that can significantly reduce the
computational cost in the numerical simulations. In a later study, Afonso et al. (2012)
extended these scenarios to a more general case and have shown that the evolution
of the conformation tensor can be written in the form of a “kernel-conformation” for
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any continuous, invertible matrix transformation function. Afonso et al. (2012) investi-
gated a large group of transformations for the conformation tensor including Loga(A),
roota(A), the linear shifted transformation of A and others to analyse the effect of the
applied function on the outcome of numerical simulations. To analyse the efficiency of
these nominal functions for the transformation of the conformation matrix, the flow of
an Oldroyd-B model fluid past a confined cylinder was investigated for different values
of Weissenberg numbers using different meshes. It was concluded that the efficiency of
these nominal functions for the transformation of the conformation tensor is ultimately
related to the type of singularity appearing in the problem and that some of theses
functions may eventually fail to cope with the large values of the conformation tensor
observed in this problem near the downstream stagnation point.
To illustrate the kernel conformation approach, as initially suggested by Fattal
and Kupferman (2004, 2005), the transpose of the velocity gradient is split into one
symmetric (i.e. B) and two anti-symmetric matrices (i.e. Ω and N) as:
∇uT = Ω +B +NA−1, (2.69)
OT∇uTO = Ω¯ + B¯ + N¯Λ−1, (2.70)
where B presents the purely extensional and Ω and N the rotation parts of the trans-
pose of the velocity gradient tensor and Ω¯ = OTΩO, B¯ = OTBO and N¯ = OTNO.
As shown in Fattal and Kupferman (2004) and Afonso et al. (2012), this decomposition
always exists and is unique. It can be represented for a two dimensional case as:
OT∇uTO =
(
m11 m12
m21 m22
)
, (2.71)
B¯ =
(
m11 0
0 m22
)
, (2.72)
Ω¯ =
(
0 λ2m12+λ1m21λ2−λ1
−λ2m12+λ1m21λ2−λ1 0
)
, N¯ =
(
0 m12+m21
λ−12 −λ−11
−m12+m21
λ−12 −λ−11
0
)
, (2.73)
Using the decomposition presented in (2.69), one can reformulate equation (2.65) as
follows:
DA
Dt
= ΩA−AΩ + 2BA+ F (A)
Wi
H(A). (2.74)
Applying the chain derivative rule for Θ = OTAO, equation 2.74 can be transformed
to a principal coordinate system (i.e. the conformation tensor for every mesh cell is
different from its neighbouring cells, so this coordinate system is not global and unique
for every cell) and be written as (Afonso et al., 2012):
DΘ
Dt
= ΘΦ−ΦΘ + Ω¯Θ−ΘΩ¯ + 2B¯Θ + F (Θ)
Wi
H(Θ), (2.75)
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where Φ = OT DODt = −DO
T
Dt O = −ΦT . Considering that Φ and Ω¯ are anti-symmetric
matrices, one can conclude that the evolution equation for Θ is independent of these
tensors and equation 2.75 reduces to:
ΘΦ−ΦΘ = ΘΩ¯− Ω¯Θ, (2.76a)
DΓi
Dt
= 2B¯iiΓi +
F (Γi)
Wi
H(Γi), (2.76b)
for off-diagonal (2.76a) and diagonal (2.76b) terms (no summation over ii) of equation
2.75. Following the approach presented by Afonso et al. (2012), for any continuous,
invertible and differentiable function (i.e. K()), the kernel-conformation constitutive
law can be applied as:
K(A) = OK(Θ)OT , (2.77)
which suggests that the kernel function is only operating on the magnitude of the
extension matrix and not in the eigenvectors of deformations. Using the chain derivative
rule on the diagonal matrix K(), one can obtain:
∂K(Θ)
∂t
=
∂Θ
∂t
J , (2.78)
where J is a diagonal gradient matrix defined as:
J = diag(
∂K(Γ1)
∂Γ1
;
∂K(Γ2)
∂Γ2
;
∂K(Γ3)
∂Γ3
). (2.79)
The evolution equation for kernel-conformation tensor, in its principal coordinate sys-
tem, can be presented as:
DK(Θ)
Dt
= 2B¯ΘJ +
F (Θ)
Wi
H(Θ)J . (2.80)
Applying the chain derivative rule for the conformation tensor, as follows:
DK(A)
Dt
=
DO
Dt
K(Θ)OT +O
DK(Θ)
Dt
OT +OK(Θ)
DOT
Dt
. (2.81)
equation 2.80 can be rewritten as:
DK(A)
Dt
= ΩK(A)−K(A)Ω + 2OB¯ΘJOT + F (Θ)
Wi
OH(Θ)JOT . (2.82)
Choosing the log function for the transformation of the conformation tensor, we have:
K(A) = log(A) = O(log(Θ))OT , (2.83)
Using (2.83) as the kernel function for transformation of conformation tensor, the gra-
dient matrix J may be defined as:
J = diag(
∂log(Γ1)
∂Γ1
;
∂log(Γ2)
∂Γ2
;
∂log(Γ3)
∂Γ3
) = Θ−1. (2.84)
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Implementing equation 2.84 in 2.82, for the Oldroyd-B constitutive equation, F (Θ) = 1
and H(A) = I −A, the final form of the evolution equation will appear as follows:
DK(A)
Dt
= ΩK(A)−K(A)Ω + 2B + 1
Wi
(eΘ − I). (2.85)
Unfortunately, all of the kernel transformations previously presented by Afonso et al.
(2012), have an unbounded nature. In appendix A, using the bounded properties of
Atan (arc tangent) function, this scenario is extended to a bounded transformation for
the conformation tensor of viscoelastic fluids that can be applied for a large class of
constitutive equations. Despite the success of this novel approach, for consistency, the
results shown in Chapters 3,4 and 5 were obtained using the standard log-conformation
approach.
2.4 Numerical Schemes
In openFoam the user has a wide range of choices for the numerical schemes and dis-
cretization of terms, such as derivatives appearing in the governing equations that can
be set in the fvSchemes dictionary in the system directory. In this section it is de-
scribed how to specify the schemes in this dictionary and more information about the
employed discretization schemes is also provided. Generally, the terms that must be
assigned a numerical scheme range from different types of derivatives such as gradient
∇ and divergence ∇. to the interpolation of values from a set of points to another. The
set of terms which the discretization scheme must be specified are listed in Table 2.1.
Every keyword described in Table 2.1 is related to a specific sub-dictionary containing
information about terms of a particular type , e.g divSchemes ∇. contains all diver-
gence terms such as ∇.u. Each sub-dictionary contains keyword entries for each term
Table 2.1: Main keywords in fvSchemes (Greenshields, 2015).
Keyword Category of mathematical terms
gradSchemes Gradient ∇
interpolationSchemes Point to point value interpolation
laplacianSchemes Laplacian ∇2
divSchemes Divergence ∇.
timeScheme First and second order derivatives of time ∂/∂t, ∂2/∂t2
specified within, including: a default discretization scheme. Subsequently, the user may
use other entries whose names correspond to particular terms specified, e.g. grad(p) or
grad(u) for ∇p and ∇u, respectively.
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2.4.1 Gradient Schemes
In the gradSchemes sub-dictionary, the user can define gradient terms. The options
that OpenFoam provides for the discretization of gradient terms can be selected from
those presented in Table 2.2. In this thesis the Gauss discretization scheme is employed
Table 2.2: Discretization schemes available in gradSchemes (Greenshields, 2015).
Discretization scheme Description
Gauss < interpolationScheme > Second order, Gaussian integration
leastSquares Second order, least squares
fourth Fourth order, least squares
cellLimited < gradScheme > Cell limited version of one of the above schemes
faceLimited < gradScheme > Face limited version of one of the above schemes
in simulations for the gradient terms which is the standard finite volume discretization
of Gaussian integration. In reference to a gradient term ∇φ, discretization of gradient
terms is performed by integrating over a control volume and transforming the volume
integral into a surface integral using Gauss’s theorem as follows:∫
A
φds =
∑
f
φfAf , (2.86)
where A denotes the surface area of the control volume and Af denotes the area of a
face for the control volume. φf is the interpolated value of φ from cell centres to face f .
The choices of interpolation scheme are presented from Table 2.4. Initial simulations
Table 2.3: Behaviour of interpolation schemes used in divSchemes (Greenshields, 2015).
Schemes Description
linear Linear interpolation (central differencing)
cubicCorrection Cubic scheme
midPoint Linear interpolation with symmetric weighting
Upwinded convection schemes
upwind Upwind differencing
linearUpwind Linear upwind differencing
skewLinear Linear with skewness correction
filteredLinear2 Linear with filtering for high-frequency ringing
TVD schemes
limitedLinear limited linear differencing
vanLeer van Leer limiter
MUSCL MUSCL limiter
limitedCubic Cubic limiter
Table 2.4: Interpolation schemes. (Greenshields, 2015).
suggest that the linear scheme is an effective choice, so the Gauss linear scheme is used
in all of the simulations for discretization of terms involving gradient operator.
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2.4.2 Laplacian schemes
In the laplacianSchemes sub-dictionary Laplacian terms are defined. Here, the Gauss
integral scheme is the only choice of discretization. For a Laplacian term ∇.(k∇φ),
discretization of diffusion terms is done after integration over the control volume and
converting it into a surface integral as:∫
A
n.(k∇φ)ds =
∑
f
kf (n.∇fφ)Af , (2.87)
where ∇fφ is the the gradient at the face. The face normal gradient can be approxi-
mated using the scheme
n.∇fφ = φN − φP|d| . (2.88)
This approximation is second order accurate when the vector d between the center
of the cell of interest P and the center of a neighboring cell N is orthogonal to the
face plane, i.e. parallel to A. In the case of non-orthogonal meshes, a correction term
could be introduced which is evaluated by interpolating cell centered gradients obtained
from Gauss integration. In this discretization method a selection of inputs are required
to define both the interpolation scheme for the diffusion coefficient (as was already
presented in Table 2.4) and a surface normal gradient scheme (i.e. snGradScheme).
The choices provided in OpenFoam for snGradScheme is presented in Table 2.6. In
Table 2.5: Behaviour of interpolation schemes used in divSchemes (Greenshields, 2015).
Schemes Numerical behaviour
corrected Unbounded, second order, conservative
uncorrected Bounded, first order, non-conservative
limited Blend of corrected and uncorrected
bounded First order for bounded scalars
fourth Unbounded, fourth order, conservative
Table 2.6: Behaviour of surface normal schemes used in laplacianSchemes (Green-
shields, 2015).
this thesis a linear interpolation scheme with corrected snGradScheme is used in all
simulations.
2.4.3 Divergence schemes
The divSchemes sub-dictionary contains divergence terms. Similar to the Laplacian
Scheme, the Gauss integral scheme is the only choice of discretization in divergence
schemes. For a divergence term ∇.(ρφu), discretization of convection terms is per-
formed by integrating over a control volume and transforming the volume integral into
a surface integral using the Gauss’s theorem as follows:∫
A
n.(ρφu)dA ≈
∑
f
n.(Aρu)fφf =
∑
f
Fφf , (2.89)
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where F is the mass flux through the face defined as n.(Aρu)f . The value φf on face
f can be evaluated in a variety of ways and the interpolation scheme is selected from
Table 2.4. The choice of interpolation determines numerical accuracy as shown in Table
2.7
2.4.4 Time schemes
The first order time derivative ∂/∂t terms are specified in the ddtSchemes sub-dictionary.
The discretization scheme for each term can be selected from those listed in Table 2.8.
In the simulations carried out in this thesis the Euler scheme is used for the terms
with time derivative. Discretization of the time derivative ∂(ρφ)/∂t is carried out by
integrating it over the control volume of a grid cell as:∫
V
∂ρφ
∂t
dV ≈ ρ
n
Pφ
n
P − ρ0Pφ0P
∆t
VP , (2.90)
where φnP ≡ φP (t+ ∆t) represents the new value at the time step we are solving for
and φ0P ≡ φP (t) stands for the old value obtained in the previous time step.
Overall, the steady-state numerical simulations presented in this thesis have the
order of accuracy of two. Some limited simulations for unsteady flows were also carried
out that have an order of accuracy of one.
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Table 2.7: Behaviour of interpolation schemes used in divSchemes (Greenshields, 2015).
Schemes Numerical behaviour
linear Second order, unbounded
skewLinear Second order, (more) unbounded, skewness correction
cubicCorrected Fourth order, unbounded
upwind First order, bounded
linearUpwind First/second order, bounded
QUICK First/second order, bounded
TVD schemes First/second order, bounded
SFCD Second order, bounded
NVD schemes First/second order, bounded
Table 2.8: Discretization schemes available in ddtSchemes. (Greenshields, 2015).
Schemes Numerical behaviour
Euler First order, bounded, implicit
localEuler Local-time step, first order, bounded, implicit
CrankNicholson Second order, bounded, implicit
backward Second order, implicit
steadyState Does not solve for time derivatives
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Chapter 3
Finite aspect ratio inertialess
viscoelastic Taylor-Couette
flow1,2
Both in rheometry and in fundamental fluid mechanics studies, the Taylor–Couette
geometry is used frequently to investigate viscoelastic fluids. In order to ensure a
constant shear rate in the gap between the inner and outer cylinders, such studies
are usually restricted to the small-gap limit where the assumption of a linear velocity
distribution is well justified. In conjunction with a sufficiently large aspect ratio (i.e.
ratio of cylinder height to gap), the flow is then assumed to be viscometric. In this
chapter demonstrate, using a perturbation technique with the curvature ratio (i.e. ratio
of the half-gap to the mid-radius of the cylinders) as the perturbation parameter, full
nonlinear simulations using a finite-volume technique, and supporting experiments,
it is demonstrated that, even in the creeping-flow (inertialess) narrow-gap limit, for
viscoelastic fluids end effects due to finite aspect ratio always give rise to a secondary
motion. Using the constant-viscosity Oldroyd-B model it is shown that this secondary
motion, as has been observed in related pressure-driven flows with curvature, such as
the viscoelastic Dean flow, is solely a consequence of the combination of gradients of
the first normal-stress difference and curvature. These results show that end effects
can significantly change the flow characteristics, especially for small aspect ratios, and
has important consequences for the onset criteria for purely elastic instabilities in this
geometry.
1Work from this chapter has been published in: Davoodi, M., et al. ”Secondary flows due to finite
aspect ratio in inertialess viscoelastic Taylor–Couette flow.” Journal of Fluid Mechanics 857: 823-850,
2018.
2Experiments conducted by S. Lerouge, Paris Diderot University
58
3.1 Mathematical formulation
In this section the mathematical formulation for creeping viscoelastic TC flow is pre-
sented. Here, the problem is investigated for the particular case that the inner cylinder
is rotating while the other three surfaces (i.e. the other cylinder and the two end faces)
are stationary. To probe the viscoelastic behaviour, the Oldroyd-B model is chosen,
as this is the simplest differential constitutive equation capable of predicting many
complex phenomena due to viscoelasticity (Alves and Poole, 2007; Poole et al., 2007c).
3.1.1 Coordinate system
Considering the geometry of the problem, a cylindrical polar coordinate system is used
(Figure 3.1). Introducing the following change of variable, one can write:
x˜ = r˜ − R˜, (3.1)
1
r˜
=
1
x˜+ R˜
, (3.2)
∂
∂r˜
=
∂
∂x˜
∂x˜
∂r˜
=
∂
∂x˜
, (3.3)
where R˜ is the mid radius ( R˜ = R˜i + a˜, with R˜i and a˜ the radius of the inner
cylinder and the half-width of the gap, respectively) and r˜, θ, z˜ are the components of
the polar cylindrical coordinate system.
3.1.2 Non-dimensionalization
It is convenient to use dimensionless parameters in this problem. The relationships
between dimensional and dimensionless parameters are:
x =
x˜
a˜
, z =
z˜
a˜Λ
,Λ =
b˜
a˜
, β =
η˜s
η˜t
,Wi =
λ˜R˜iω˜
a˜
, τ =
τ˜ a˜
η˜tR˜iω˜
, P =
P˜ a˜
η˜tR˜iω˜
,
vr =
v˜r
R˜iω˜
, vθ =
v˜θ
R˜iω˜
, vz =
v˜z
R˜iω˜
,D =
Da˜
R˜iω˜
, δ =
a˜
R˜
, B = 1 + δx,
(3.4)
where x˜ is the variable defined in equation 3.1, z˜ is the axial variable in the polar cylin-
drical coordinate system, b˜ is the half-height of the cylinders, Λ is the aspect ratio, β
is the solvent-to-total viscosity ratio, η˜t is the total viscosity of the fluid ( η˜t = η˜s + η˜p
with η˜p and η˜s the polymeric and solvent parts of the viscosity, respectively), Wi is
the Weissenberg number, λ˜ is the corresponding relaxation time of the fluid, ω˜ is the
angular velocity of the moving inner wall, τ˜ is the stress tensor, P˜ is the pressure,
u˜ is the velocity vector, v˜r, v˜θ and v˜z are components in the r˜, θ and z˜ directions of
velocity in the polar cylindrical coordinate system and D˜ is the rate-of-deformation
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Figure 3.1: Schematic of the narrow-gap TC set-up investigated including polar cylin-
drical coordinate system: (a) concentric-cylinder set-up; and (b) axisymmetric ‘slice’
used in analytical method.
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tensor (D˜ = (∇˜u + ∇u˜T )/2). Finally, δ is the curvature ratio and B represents the
local dimensionless curvature.
3.2 Analytical methods
The governing equations in this problem are conservation of mass and momentum.
These equations using the change of variable defined in equation 3.1 in a polar cylin-
drical coordinate system assuming axisymmetry and creeping flow (i.e. Re → 0) can
be presented in dimensionless form as follows:
∂vr
∂x
+
δ
B
vr +
1
Λ
∂vz
∂z
= 0, (3.5)
∂P
∂x
+ β(
∂2vr
∂x2
+
δ
B
∂vr
∂x
− δ
2
B2
vr +
1
Λ2
∂2vr
∂z2
) +
∂τrr
∂x
+
δ
B
(τrr − τθθ) + 1
Λ
∂τrz
∂z
= 0, (3.6)
β(
∂2vθ
∂x2
+
δ
B
∂vθ
∂x
− δ
2
B2
vθ +
1
Λ2
∂2vθ
∂z2
) +
∂τrθ
∂x
+ 2
δ
B
τrθ +
1
Λ
∂τθz
∂z
= 0, (3.7)
1
Λ
∂P
∂z
+ β(
∂2vz
∂x2
+
δ
B
∂vz
∂x
+
1
Λ2
∂2vz
∂z2
) +
∂τrz
∂x
+
δ
B
τrz +
1
Λ
∂τzz
∂z
= 0. (3.8)
To simulate the viscoelastic behaviour, the Oldroyd-B constitutive equation is used
to calculate the stress components. This model considers a Newtonian behaviour for
the solvent contribution (τs) of the fluid and an upper convected Maxwell model for
the polymeric part ( τ ) of the stress tensor.
As TC flow is a wall-driven problem, there is no pressure gradient in the θ direction.
However, the presence of the secondary flow causes a pressure distribution in both the
r and z directions (see equations 3.6 and 3.8) that is an unknown function of x, z and
of the rheological parameters. It is usual to eliminate the pressure gradient in the equa-
tions (Robertson and Muller, 1996; Jitchote and Robertson, 2000). To achieve this, the
derivative of equation 3.6 with respect to z can be subtracted from the product of Λ
and the derivative of equation 3.8 with respect to x.
In the following section the mathematical methods used to derive an approximate
analytical solution to the creeping flow of viscoelastic fluids in the narrow-gap TC
system are presented. The employed Oldroyd-B model is classified as a quasi-linear
equation (Bird et al., 1987); in order to linearize this constitutive equation, a pertur-
bation method is employed. Finally, to cope with the partial differential form of the
equations, a separation-of-variables method is used to transform the problem into two
61
linear ordinary differential equations (Myint-U and Debnath, 2007; Norouzi and Biglari,
2013).
3.2.1 Exact solution for finite-aspect-ratio planar Couette flow
A previous study carried out by Theofilis et al. (2004) has obtained an exact analytical
solution for rectangular cavity flows of Newtonian fluids. In this section we derive
an alternative solution to this problem and will compare our results with the solution
presented in the literature in Appendix B. In the case that δ = 0, equations 3.5 and
3.6-3.8, represent the conservation of mass and momentum in a rectangular coordinate
system. For the particular case of Newtonian planar Couette flow (i.e. δ = 0 and
polymer stress terms equal to zero) – which from herein onwards will be denoted using
a zero superscript inside square brackets (i.e. [0]) – due to the rectilinear distribution of
velocity (i.e. no secondary motions in either radial or axial directions; v
[0]
r = v
[0]
z = 0),
the momentum equation can be simplified to:
∂2v
[0]
θ
∂x2
+
1
Λ2
∂2v
[0]
θ
∂z2
= 0. (3.9)
Considering the change of variable introduced in equation 3.1, equation 3.9 should be
solved subject to the following boundary conditions at the walls:
v
[0]
θ |x=1 = v[0]θ |z=1 = v[0]θ |z=−1 = 0, (3.10)
v
[0]
θ |x=−1 = 1. (3.11)
Equation 3.9 is a linear partial differential equation. To solve it, a separation-of vari-
ables method can be used. The velocity may be written as:
v
[0]
θ = T (x)Ξ(z) +
1− x
2
, (3.12)
where the second term on the right-hand side of equation 3.12 solves the equation 3.9
when Λ→∞ and is the solution to the 1D case. Using the above definition (equation
3.12), equation 3.9 can be rewritten as two linear ordinary differential equations:
∂2Ξn(z)
∂z2
− κ2nΛ2Ξn(z) = 0, (3.13)
∂2Tn(x)
∂x2
+ κ2nTn(x) = 0. (3.14)
where κn are unknown eigenvalues. The solutions to equations 3.13 and 3.14 are ob-
tained as follows:
Ξn(z) = Bnsinh(κnΛz) + Cncosh(κnΛz), (3.15)
Tn(x) = Dnsin(κnx) + Encos(κnx). (3.16)
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The solution to equation 3.16 should be solved subject to Tn(x)|x=1 = 0, hence En =
−Dntan(κn), so
Tn(x) = Fn(cos(κn)sin(κnx)− sin(κn)cos(κnx)) = Ensin(κn(x− 1)), (3.17)
where Fn = Dn/cos(κn). The boundary condition Tn(x)|x=−1 = 0 suggests that
−Ensin(2κn) = 0. To get a non-trivial solution to the problem, κn = npi/2, where
n ∈ [0, 1, 2, ...], thus
v
[0]
θ =
1− x
2
+
∞∑
n=1
Ξ(z)sin(
npi
2
(1− x)), (3.18)
Using a Fourier series (Myint-U and Debnath, 2007), one can write
1− x
2
=
∞∑
n=1
2(−1)n+1
npi
sin(
npi
2
(1− x)). (3.19)
Imposing the boundary conditions v
[0]
θ |z=±1 = 0 leads to Ξn(z)|z=±1 = 2(−1)
n+1
npi ,
so that the coefficients Bn and Cn for Ξn(z) are, respectively, Bn = 0 and Cn =
2(−1)n/(npicosh(npiΛ/2)). Therefore the final solution may be presented as
v
[0]
θ =
1− x
2
+
∞∑
n=1
2(−1)n+1
npi
sin(
npi
2
(1− x))cosh(
npi
2 Λz)
cosh(npi2 Λ)
. (3.20)
According to the rectilinear flow theorem of viscoelastic fluids (Reiner, 1945; Rivlin,
1957, 1997; Green and Rivlin, 1997; Ericksen, 1956), this solution is valid for both New-
tonian fluids and, due to its constant shear viscosity, the Oldroyd-B model. Essentially
this is the planar Couette flow solution in a straight duct of rectangular cross-section
for arbitrary aspect ratio. The dependence of equation 3.20 on an even function of z
indicates symmetry along the line z = 0. Assuming the viscosity of air to be negligibly
small in comparison to the viscosity of any tested liquid, and neglecting surface tension
(i.e. also assuming a flat interface), the present solution can be applicable for planar
Couette geometries with a flat stress-free free surface at the ‘top’ and a wall at the
‘bottom’ if the solution is used for the region −1 < z < 0 and −1 < x < 1. Such a
situation will be used for experimental validation.
3.2.2 Exact solution for flow rate
Using equation 3.20 for the velocity distribution, one can obtain the following equation
for the flow rate of the finite-aspect-ratio planar Couette flow:
Q[0] =
∫ 1
−1
∫ 1
−1
v
[0]
θ dxdz, (3.21)
Q[0] = 2 + 2
∞∑
n=1
(
2
npi
)3
(−1)n − 1
Λ
tanh(
npiΛ
2
), (3.22)
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where Q[0] stands for flow rate in the planar Couette flow. These solutions can be
easily compared to the dimensionless 1D solution (the first term on the right-hand side
of equation 3.22 as Q1D = 2, in our non-dimensional notation).
3.2.3 Perturbation method
As already discussed, a perturbation method is used to linearize the quasi-linear Oldroyd-
B model. The perturbation parameter is considered to be the curvature ratio δ. The
series forms of the parameters up to the first order of expansion are
ψ = δψ[1], (3.23)
vθ = v
[0]
θ + δv
[1]
θ , (3.24)
P = P [0] + δP [1], (3.25)
τ = τ [0] + δτ [1], (3.26)
Here, ψ is the secondary flow streamfunction, which is related to the lateral components
of the velocity vector via
vr =
1
Λ
∂ψ
∂z
(3.27)
vθ = −∂ψ
∂x
(3.28)
In the case that the curvature ratio goes to zero (δ → 0), one should note that the effect
of curvature will be eliminated, so the flow will be rectilinear (i.e. no secondary flow).
So, in these cases, ψ will be zero and consequently the series form of the streamfunction
in equation 3.23 must have only the first-order term.
3.2.4 Perturbation solution
After substituting 3.23, 3.24 and 3.26 into the polymeric part of the Oldroyd-B constitu-
tive equation, the linearized form of the zeroth order of the stress tensor for the chosen
polar cylindrical coordinate system can be obtained. In the absence of curvature, U0r
and U0z are equal to zero (i.e. no secondary flow in the straight Couette flow) and the
zeroth-order stress tensor for the polymeric contribution of the Oldroyd-B constitutive
equation can be obtained as follows
τ [0]rz = τ
[0]
rr = τ
[0]
zz = 0, (3.29)
τ
[0]
θθ = 2Wi(1− β)[(
∂v
[0]
θ
∂x
)2 +
1
Λ2
(
∂v
[0]
θ
∂z
)2], (3.30)
τ
[0]
rθ = (1− β)(
∂v
[0]
θ
∂x
), (3.31)
τ
[0]
zθ = (1− β)
1
Λ
(
∂v
[0]
θ
∂z
). (3.32)
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Using the same approach and collecting the effective terms in the calculation up to
first order of the streamfunction, the corresponding stress components related to the
polymeric contribution of the Oldroyd-B constitutive equation may be calculated as
follows:
τ [1]rr = 2(1− β)
1
Λ
(
∂2ψ[1]
∂x∂z
). (3.33)
τ [1]zz = −2(1− β)
1
Λ
(
∂2ψ[1]
∂x∂z
). (3.34)
τ [1]rz = (1− β)(
1
Λ2
∂2ψ[1]
∂z2
− ∂
2ψ[1]
∂x2
). (3.35)
Substituting the perturbed forms of flow parameters (equations 3.23-3.26 and 3.29-3.32)
into the momentum equations (3.6–3.8) and collecting all the coefficients of order δ, the
resulting expression is the same as equation 3.9. Therefore, the solution to the planar
Couette flow (equation 3.20) is the zeroth-order solution of the perturbation method as
well. Formally speaking, due to the singularity of both the stress and the shear rate at
the corner, this perturbation approach may not be strictly valid in this location near
the moving and stationary walls (Hinch, 1993). Despite this limitation, this approach is
continued to derive what is best termed as an ‘approximate’ analytical solution for the
problem. In order to confirm the reasonableness of this approach, we will compare the
linearized analytical solution with full nonlinear numerical simulations. To calculate
the solution of the secondary flow up to the first order of perturbation expansion, the
same method is employed as was used in the zeroth-order solution. After collecting the
terms with the coefficient of order δ1, the resulting coefficient expression is
∇4ψ[1] = 1
Λ
∂τ
[0]
θθ
∂z
, (3.36)
where the biharmonic operator ∇4 is defined as ∇4 = ∂4/∂x4 + (2/Λ2)(∂4/∂z2∂x2) +
(1/Λ4)(∂4/∂z4). In the case of Newtonian fluids in the creeping-flow limit, τ
[0]
θθ is
identically zero, as there is no normal-stress in fully developed planar Couette flow and
the right-hand side of equation 3.36 is identically zero. So, equation 3.36 will be a
homogeneous equation and therefore the general solution to a homogeneous equation
with homogeneous boundary condition is zero (Myint-U and Debnath, 2007) (i.e. there
must be no secondary flow for Newtonian fluids in the inertialess limit). This reasoning
illustrates that, in creeping TC flow, the secondary flow arises due to the existence
of non-zero gradients of the first normal-stress difference in viscoelastic fluids (more
precisely from the τθθ/r term in equation 3.6). Solution of the non-homogenous linear
equation 3.36 can be obtained using standard mathematical approaches (Winters, 1987;
Jitchote and Robertson, 2000; Robertson and Muller, 1996; Myint-U and Debnath,
2007) subject to zero boundary conditions for velocity in the r and z directions (due
to the large size of these equations, they are not presented here).
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3.3 Geometric configuration and problem definition
A schematic of the TC geometry is shown in section 3.1 in Figure 3.1. To probe the effect
of aspect ratio Λ = b˜/a˜ in the creeping flow of viscoelastic fluids in both tall and shallow
TC systems, 21 different geometries Λ = 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1.0, 1.25, 1.5,
1.75, 2.0, 2.5, 3.0, 3.25, 3.5, 3.75, 4.0, 10 and 20) have been modelled. The implementa-
tion of correct boundary conditions at the walls can significantly influence the flowfields
and stability criteria in numerical methods. This issue finds notable importance in cases
dealing with singularities as occurs here in the corner of the moving and stationary
walls. The prescribed boundary condition for the stress tensor at walls in OpenFOAM
is defined based on 1D shear flow of Newtonian fluids (zero gradient stress at the wall)
(Pimenta and Alves, 2017). Owing to the important role of first normal-stress differ-
ences arising from viscoelastic behaviour in the appearance of the secondary flow in the
present case, it was discovered via initial simulations that implementation of the zero-
gradient-stress boundary condition at the wall is not a good choice for this problem.
In fact, using this boundary condition converged solutions could not be obtained for
any Weissenberg number without ‘regularizing’ the wall velocity, i.e. varying the wall
velocity smoothly from 0 to 1 over a finite distance (Sousa et al., 2016). In marked
contrast, via use of the linear extrapolation approach (Pimenta and Alves, 2017), con-
verged solutions could be obtained without recourse to regularization. In this approach,
the stress tensor components at interior faces are obtained by linearly interpolating the
cell-centred values, while for the boundary face the value extrapolated in the previous
time step is used. This results in an explicit Dirichlet boundary condition, which uses
information from the direct neighbours (cells sharing a face) of the cell owning the
boundary face (Pimenta and Alves, 2017).
3.4 Comparison of numerical simulation with analytical
solution and effect of mesh
In this section a number of representative data analysing the effect of mesh on the flow
distribution are presented to give an overview of numerical accuracy. Comparison of
the analytical solutions and the numerical simulations is presented in Table 3.1.
In this table, five different uniform meshes are shown respectively to study the
mesh dependence via the maximum value of the secondary flow ( ψmax) and its posi-
tion (xmax, zmax). Since the secondary flow is driven by the high shear rate near the
corner region between the moving and the stationary walls, to capture this phenomenon
better, the mesh should be extremely fine in this region. The presented data suggest
that the equivalent of the M3 mesh 200 × 100Λ is a good choice for simulation. The
small difference between the results of the analytical calculations and the numerical
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Table 3.1: Mesh study for the case Wi = 0.1, β = 0.5, δ = 0.1,Λ = 1.
Mesh ψmax xmax zmax
M1=50× 25 5.994× 10−5 −0.655 0.593
M2=100× 50 5.989× 10−5 −0.652 0.596
M3=200× 100 6.021× 10−5 −0.650 0.598
M4=400× 200 6.035× 10−5 −0.649 0.599
M5=800× 400 6.041× 10−5 −0.649 0.599
Analytical 6.248× 10−5 −0.565 0.636
simulations can be attributed to the fact that in the corner between the moving wall
and the stationary wall a velocity jump exists that causes a singularity in the stress
field. Consequently, the chosen perturbation method loses strict validity in this re-
gion (Hinch, 1993) and, most likely, this issue is the root cause of the small difference
between the approximate analytical solution and the numerical data in terms of the
location of the peak streamfunction. Certainly, the mesh-dependence study suggests
that the small difference is not simply due to mesh effects in the numerical simulation.
3.5 Experiments undertaken by Prof. Sandra Lerouge
(Universite´ Paris Diderot, France)
3.5.1 Experimental set-up
The experiments are performed in a transparent TC device fitted to a stress-controlled
rheometer (Physica MCR 301) also working in strain-controlled mode via a computer-
controlled feedback loop. The TC cell is embedded in a transparent cubical container
that ensures temperature control through a water-bath circulation. This configuration
of the tank minimizes optical distortions of the images due to refraction caused by the
curved interfaces. The rheological properties and the flow behaviour are determined in
a Mooney-type TC geometry with inner radius 13.33[mm], gap width 1.13[mm] and
height 40[mm]. For flow visualizations, the geometrical configuration that matches
most accurately the problem at hand with the current set-up was investigated and is
illustrated in Figure 3.2.
The inner rotating cylinder has a 13.445[mm] radius (i.e. R˜ − a˜) and height b˜ =
10[mm]. In this set-up, due to the stress-free surface, we are essentially investigating
just one half of the problem described. The gap width is 2a˜ = 1[mm], which gives an
aspect ratio Λ = b˜a˜ = 20 and curvature ratio δ =
a˜
R˜
= 0.04.
3.5.2 Working fluids
Aqueous polymer solutions with constant shear viscosity (η˜t = 239 ± 2[mPa.s]) yet
exhibiting elastic properties were prepared by the author by adding 500[ppm] (w/w) of
67
Free surface
Figure 3.2: Schematic representation of the TC geometry used for optical visualizations.
The dashed rectangle highlights the field of observation of a radial plane illuminated
with laser light. Not to scale.
68
a high-molecular-weight polymer (polyethylene oxide (PEO) of Mw = 4× 106[g.mol−1]
supplied by Sigma Aldrich) to 42.9% (w/w) aqueous solvent solution (η˜s = 214 ∓
2[mPa.s]) of the same polymer with a much lower molecular weight (polyethylene
glycol (PEG) of Mw = 8000[g.mol
−1] supplied by Sigma Aldrich). These fluids were
then shipped to Paris for the experiments. This produces a so-called Boger fluid (James,
2009; Boger, 1977). The viscosity ratio for this fluid is estimated to be 0.89 (i.e.
β = η˜s/η˜t = 214/239). For comparison with the Newtonian case, a glycerine aqueous
solution 92% (w/w) is used to match the viscosity (η˜N = 240.5∓ 0.7[mPa.s]). For the
two samples, the temperature was set to 20 ∓ 0.1[oC]. The variations of the viscosity
and shear stress with shear rate for both Newtonian and viscoelastic fluids are presented
in Figure 3.3.
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Figure 3.3: Shear stress and shear viscosity as functions of the shear rate for the
glycerine solution and for the PEG–PEO solution at T˜ = 20[oC]. The data were
collected in stress-controlled mode by increasing the shear stress with sampling of five
second per data point.
As can be observed, around a shear rate of ≈ 80[s−1] an instability is observed
and a deviation between the apparent viscosity of Newtonian and viscoelastic mate-
rial appears; however, before this critical value, the viscosities of the two fluids are
equal and independent of shear rate. To calculate the relaxation time of the poly-
meric solution, a capillary breakup extensional rheometer (CaBER) (Rodd et al., 2005)
test was carried out by the author in Liverpool giving a relaxation time of 0.27∓0.03[s].
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3.5.3 Experimental protocol
The gap of the TC device is illuminated with a laser sheet propagating along the ve-
locity gradient direction and extending along the vorticity axis. The images of the
gap in the velocity gradient/vorticity plane are recorded using a charge-coupled device
(CCD) camera equipped with a macro lens. Two configurations were tested to ob-
tain information regarding the azimuthal structure of the flow. In the first approach,
a small amount of sample containing the fluorescent dye is injected along a vertical
line which is typically 10[mm] long (the height of the TC cell) but which also fills the
whole gap (1[mm]) along the radial direction. This dye is placed slightly upstream from
the observation field (typically 1[cm] along the azimuthal direction upstream from the
observation field) and is illuminated with green laser light (wavelength 532[nm]). A
supplementary movie available at https://doi.org/10.1017/jfm.2018.746 is included to
highlight how such a passive tracer is advected in a Newtonian fluid following a step
shear rate to demonstrate our flow visualization technique. In the second approach, flow
visualizations are performed by seeding the sample with anisotropic reflective particles
(Iriodin, Merck). The structure of the flow is probed by illuminating a cross-section of
the gap with red laser light (wavelength 638[nm]).
3.6 Results and discussion
In this section a discussion based on a comparison between the analytical, numerical
and experimental observations is carried out.
3.6.1 Planar Couette flow
The flow distribution of the Newtonian creeping-flow finite-aspect-ratio planar Couette
flow (zeroth order of the perturbation solution) is shown in Figure 3.4. In order to
better understand the effect of aspect ratio, it is useful to define a modified form of
aspect ratio as
Λ∗ =
Λ
Λ + 1
. (3.37)
Using this definition, when the aspect ratio (Λ) changes from zero to infinity, the
modified form of the aspect ratio (Λ∗) varies from zero to one, respectively. Owing to
the absence of curvature and inertia in this case, the flow has a quasi-linear distribution
with no secondary flow. According to the rectilinear flow theorem of viscoelastic fluids
(Reiner, 1945; Rivlin and Ericksen, 1997; Green and Rivlin, 1997; Rivlin, 1957), the
solution of the velocity profile for viscoelastic fluids with a constant shear viscosity (the
Oldroyd-B model) is identical to the Newtonian flow distribution in rectilinear cases.
However, it should be noted that the velocity profile for Oldroyd-B fluids generates a
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normal-stress distribution that consequently influences the pressure distribution, which
is different from the Newtonian case.
Figure 3.4: Velocity contours for planar Couette flow (‘zeroth-order’ solution, (equation
3.20)) for: (a) Λ∗(Λ) = 0.2(0.25); (b)Λ∗(Λ) = 0.5(1); and (c) Λ∗(Λ) = 0.909(10). An-
alytical solution (filled contours); full nonlinear solution of Navier–Stokes using finite-
volume solver (– – –).
In Figure 3.4, and all of the other results relating to the contours of the velocity
and the streamfunction, the moving wall is the vertical left-hand sidewall. To check
the accuracy of the derived zeroth-order solution (δ = 0), a comparison between nu-
merical simulations and the analytical solution is carried out (as shown in Figure 3.4).
Also a comparison between the presented analytical solution and the solution obtained
in Theofilis et al. (2004) is presented in Appendix B. In numerical simulations, flow
distributions for three different aspect ratios Λ∗(Λ) = 0.2(0.25), 0.5(1) and 0.909(10)
with both ANSYS Fluent and OpenFOAM software have been simulated. The geome-
try consists of three stationary walls and one moving wall. To ensure the flow is fully
developed, the non-dimensional length (made dimensionless using a˜) of this domain is
chosen to be 1, Λ and 10 with the number of mesh points 50, 500 and 50×Λ in the x, θ
and z directions, respectively. As is clear from inspection of Figure 3.4, the numerical
simulations exhibit a good agreement with the analytical solution.
71
Figure 3.5: Effect of confining wall for a Newtonian fluid in steady planar Couette flow
with aspect ratio Λ = b˜a˜ = 20. (a) Snapshot of the lower part of the gap which reflects
the advection after five revolutions of a fluorescent dye initially injected at a given
location slightly upstream with respect to the observation field. The glycerine solution
is sheared at ˜˙γ = 30[s−1] (Re ≈ 5× 10−2). The bright fluorescent dots are due to small
bubbles. (b) Creeping-flow axial velocity computed analytically from equation 3.20.
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As can be seen, in small aspect ratios, the flow distribution is significantly influ-
enced by the effect of the confining walls (Figure 3.4a,b) while, when the aspect ratio
increases, the effect of the confining walls is limited to the region near the corner be-
tween the moving wall and the stationary wall, and the flow distribution in the middle
tends towards the 1D linear solution (Figure 3.4c).
Experimental results in Paris were undertaken for a 92% (w/w) Newtonian glycer-
ine/water solution in a geometrical configuration corresponding to Λ = b˜a˜ = 20. Figure
3.5(a) displays a snapshot of the lower part of the gap taken 14[s] after shear start-up
at ˜˙γ = 30s−1 (Re ≈ 5× 10−2). The viscous diffusion time being ≈ 4× 10−3[s], the ve-
locity profile is fully developed. The fluorescent dye, which is initially injected ≈ 1[cm]
upstream with respect to the observation field, is convected along the azimuthal di-
rection. The fluorescent lines in the picture represent lines of iso-velocity visible after
approximately five revolutions. They provide information about the structure of the
streamlines in the azimuthal direction. Away from the bottom wall, the picture is
compatible with the solution of planar Couette flow; while close to the bottom wall,
the confining effect is clearly observed. The analytical solution computed for the same
geometrical conditions (Λ = b˜a˜ = 20) and Re = 0 is displayed in Figure 3.5(b). The
steady velocity distribution is in good qualitative agreement with the experimental ob-
servations. For clarity, it should be reiterated that the creeping flow of a Newtonian
fluid is purely azimuthal (θ) with no motion in the lateral directions, i.e. confirming
no secondary flow is observed for creeping Newtonian fluid flow.
As was previously reported by Taylor (1923) and discussed in detail in Chapter 1,
in the narrow-gap limit, the flow in the TC system for infinite aspect ratio should
exhibit a linear distribution along the radial direction. In Figure 3.6(a), the velocity
distributions across the gap centreline (i.e. along z = 0) for different aspect ratios
are shown using both analytical and numerical results. The Figure 3.6 shows that the
narrow-gap limit is approximately reached by Λ∗ = 0.909(Λ = 10) where the profile is
linear, while for smaller normalized aspect ratios Λ∗ the velocity distribution becomes
strongly nonlinear.
In Figure 3.6(b,c), the variation of non-dimensional flow rate per unit length, which
is normalized with the 1D flow-rate solution (Q[0]/Q1D), and its variation with aspect
ratio are depicted. In finite-aspect-ratio cases, the flow rate is always smaller than the
1D flow through an equivalent area. This issue is clearly related to the effect of the
confining walls resulting in a reduction of the fluid velocity in the region near to the
wall. Interestingly, for the unit-aspect-ratio case (Λ∗ = 0.5), the flow rate is reduced
to exactly half of the equivalent 1D approximation. Figure 3.6(c) shows that the effect
of normalized aspect ratio is exactly symmetric about Λ∗ = 0.5, highlighting that the
asymptotic behaviours as Λ∗ → 0 and Λ∗ → 1 are equivalent.
Figure 3.7 shows that, as the normalized aspect ratio decreases, the ratio of the wall
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Figure 3.6: (a) Variation of streamwise velocity component across the gap centreline
with Λ∗: analytical (solid); numerical (dashed). (b) Flow rate for planar Couette
normalized by 1D Couette flow rate (linear velocity distribution) versus Λ∗ (c) Variation
of the flow-rate slope for planar Couette normalized by the 1D Couette flow rate (linear
velocity distribution) versus Λ∗.
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Figure 3.7: Effect of normalized aspect ratio Λ∗ on the shear rate normalized with the
shear rate of the 1D solution (γ˙1D) of planar Couette flow at x = −1, z = 0. Inset:
γ˙ = f(Λ∗) in log–log scale
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shear rate at the centreline (i.e. at x = −1, z = 0) for the two-dimensional (2D) case
over the shear rate of the 1D case increases and tends to infinity exhibiting an inverse
relationship with the modified aspect ratio (γ˙∗ ≈ 1Λ∗ ) in the limit Λ∗ → 0 (see inset
in figure 3.7). The shear rate at higher aspect ratios tends to its 1D solution as can
be expected, i.e. as Λ∗ → 1, ˜˙γ∗ → 1. By Λ∗ = 0.95(0.975) the shear rate is within
10%(5%) of the 1D value.
3.6.2 Relevance to purely elastic instabilities
The criterion presented by McKinley et al. (1996b) can be used to predict the onset of
the purely elastic instability as presented in equation 1.2. In this presentation, when the
M parameter reaches a critical value, the instability sets in where the critical magnitude
for this parameter (i.e. Mcr) must be determined from either careful experiments or
detailed calculations; e.g. for a 1D TC flow for the Oldroyd-B model with β = 0.5
using a linear stability analysis, it is determined to be Mcr = 5.92 (Larson et al., 1990).
In the notation used here, for the limiting case of Oldroyd-B fluids in shear flows (i.e.
τ˜ss = 2η˜pλ˜˜˙γ
2 assuming ˜˙γ = R˜iω˜/2a˜ for a 1D case) and considering U˜ = R˜iω˜ and
<˜ = R˜, this criterion can be estimated as (McKinley et al., 1996b):
M =
√
δ(1− β)Wi. (3.38)
As shown in Figures 3.6 and 3.7, the shear rate along the centreline can be significantly
influenced by the effect of the confining walls. So, from equation 3.38, one can expect
that the aspect ratio will play an important role in triggering the critical condition
where the instability starts. However, as the shear rate is singular at the corner, M
is also singular here based on our analysis. Thus the analysis here is restricted to just
centreline conditions.
In Figure 3.8 the effect of the modified aspect ratio on the M parameter is depicted
along the centreline (based on the zeroth-order analytical solution) for a nominal situ-
ation of β = 0.5,Wi = 0.1 and δ = 0.1. For this particular case, the M parameter for
modified aspect ratios of 0.2, 0.5 and 0.8 are calculated as 0.08941, 0.0448 and 0.02745,
respectively. Here, setting a constant Mcr = 5.92 (i.e. the value calculated from a linear
stability analysis in the 1D limit) provides an estimate of the critical values of Wi for
instability onset, which are 26.56, 21.57, 13.21 and 6.62 for modified aspect ratios of 1
(1D case), 0.8, 0.5 and 0.2, respectively. Once again the centreline values of shear rate
are used for this estimate.
Table 3.2 shows the critical values of Wi where the numerical simulation predicts
the onset of unsteadiness/instability in comparison to these analytical estimates as-
suming Mcr remains the same as the 1D linear stability result (Larson et al., 1990).
75
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
*
0
0.5
1
1.5
2
M
10-4 10-2 100
log *
10-1
100
101
lo
g 
M 1
      1
Figure 3.8: Effect of normalized aspect ratio Λ∗ on the M parameter at x = −1, z = 0
for the β = 0.5,Wi = 0.1, δ = 0.1 case.
Table 3.2: Critical values of Wi for onset of time-dependent flow determined via nu-
merical simulations for case where δ = 0.1 and β = 0.5 at different aspect ratios.
Λ∗(Λ) 0.2(0.25) 0.5(1) 0.8(4)
Wicr(numerical) 6 7 10
Wicr(analytical) 6.62 13 21
(assuming Mcr = 5.92)
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Our numerical data suggest that Mcr is not a constant but changes with the aspect
ratio. The critical values of M where the onset of instability is observed numerically
for normalized aspect ratios of 0.2, 0.5 and 0.8 are 1.34, 1.56 and 2.23, respectively. At
these values, the numerical results show that the flow becomes time-dependent. Our
analysis would indicate that purely elastic instabilities are more likely to occur at lower
Weissenberg numbers for lower-aspect-ratio geometries even when just the centreline
shear rates are considered in the analysis. Thus, if one wanted to promote such insta-
bilities, for example to enhance mixing, this could be achieved via small-aspect-ratio
geometries. This result may also have important applications for small-angle neutron
scattering or flow birefringence studies, which tend to use smaller-aspect-ratio devices.
3.6.3 Viscoelastic narrow-gap Taylor–Couette flow for arbitrary as-
pect ratio
As previously discussed with reference to equation 3.36, in the creeping TC flow with
finite aspect ratio of viscoelastic fluids, secondary flows are already likely to develop
below the purely elastic instability threshold due to the existence of gradients of the
first normal-stress difference (from the τθθ/r term in 3.6). The combined effect of
curvature and the first normal-stress difference results in the movement of the fluid
element in the radial direction (as can be seen in equation 3.6), but conservation of
mass requires the flow to be replaced and, as a result, a pair of secondary flow vortices
appears. This mechanism is similar to the one which activates the Dean vortices in
creeping viscoelastic flows in curved pipes (Robertson and Muller, 1996; Jitchote and
Robertson, 2000), but in the current study the flow is driven by wall motion rather
than by a pressure gradient.
The structure of these secondary flows is presented for three different aspect ratios
in Figure 3.9 based on both the analytical solution and numerical simulations. Only
the ‘lower’ half of the geometry is depicted in all cases due to the symmetry about
z = 0. The results show that the secondary flows are always located close to the region
near the corner of the moving and stationary walls, which is related to the presence of
strong gradients in the shear rate and consequently the normal stresses in this region.
Remarkably, the formation of the secondary flow vortices can be captured experimen-
tally. Figure 3.10 displays a time sequence of images of the lower part of the gap
during shear start-up at ˜˙γ = 30[s−1](Re = 5 × 10−2) (as in the Newtonian case) and
Wi ≈ 18 for the 500[ppm] (w/w) of PEO in 42.9% (w/w) aqueous solution of PEG
at T˜ = 20[oC]. Note that the purely elastic instability for this system is triggered for
˜˙γ = 80[s−1] (see Figure 3.3). Close to the bottom wall, the iso-velocity lines exhibit
successive foldings due to the development of a vortex from the corner between the
moving wall and the fixed bottom wall. The iso-velocity lines and the structure of the
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Figure 3.9: Analytical (i) and numerical (ii) estimation of the structure of secondary-
flow streamlines for Wi = 0.1, β = 0.5, δ = 0.1 (a)Λ∗(Λ) = 0.167(0.2); (b)Λ∗(Λ) =
0.5(1); (c)Λ∗(Λ) = 0.8(4). Owing to the symmetry about z = 0 only the lower half of
the geometry is depicted
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corner vortex can be observed during several tens of seconds before homogenization
due to molecular diffusion of the fluorescent dye.
In order to better capture the structure of the corner vortex at long times, flow
visualizations were also performed using anisotropic reflective particles seeded in the
sample. In this configuration the gap of the TC device is illuminated with red laser
light. Figure 3.11(a) is obtained by taking a moving average over 100[s] of sequential
images when the steady-state regime is achieved. From this picture, iso-light contours
can be extracted (Figure 3.11b). The position of the eye of the corner secondary flow
and its structure show a good qualitative agreement with the result obtained based on
the analytical solution for the case δ = 0.04,Λ = 20, Re = 0,Wi = 18, β = 0.89 (Figure
3.11c). It should be noted that, strictly speaking, the analytical solution is being used
outside of its range of validity at this Weissenberg number, and so this comparison is
best viewed as purely qualitative in terms of secondary flow structure. The location of
the eye of maximum vortex (or the centre of the secondary flow) is given in Figure 3.12
based on analytical and numerical results. The location of the maximum vortex starts
to move from a region close to the moving wall in the radial direction while its position
stays constant in z, when the aspect ratio increases from 0.1 to 1. As the aspect ratio
increases from 1 to 2, the location of the maximum vortex migrates to a new position
in both the radial and z directions. Finally, it can be seen that, by further increasing
the aspect ratio, the eye of the vortex remains at a constant radial location while it
migrates towards the top wall (i.e. z → 1). Although these trends are the same for
both the analytical and numerical results, there is a systematic quantitative variation
between the two approaches as had already been observed in section 3.4 where the
mesh dependence was discussed for the square aspect-ratio case.
To analyse the range of validity of the perturbation method, the variation of the
maximum value of the secondary flow streamfunction with Wi for both the analytical
and the numerical solutions are presented in Figure 3.13. The data show that this
parameter increases linearly with an increase in the Weissenberg number in the range
of 0 < Wi < 1.1, confirming that the approximate analytical solution data for this
range is in an acceptable agreement with the full nonlinear numerical simulation. As
shown in Figure 3.6(b), the flow rate decreases with a decrease in the aspect ratio.
Figure 3.13 shows that the same trend may also be observed for the maximum value
of the secondary flow streamfunction, which may seem, at first glance, reasonable but,
as the secondary flow is driven by a gradient induced by the confining walls, this is
counter-intuitive, as these effects would be expected to increase as the confining walls
become more important (Λ → 0). This confusion can be attributed to the manner in
which velocity components and, consequently, the secondary flow streamfunction are
made dimensionless. As also shown in Figure 3.6(b), a decrease in the aspect ratio is
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Figure 3.10: Time sequence of images illustrating the formation of the corner secondary
flow structure for a 500 ppm (w/w) of PEO in 42.9% (w/w) aqueous solution of PEG at
T˜ = 20[oC]. The applied shear rate is ˜˙γ = 30[s−1](δ = 0.04,Wi = 18, β = 0.89, Re =
5 × 10−2). The observation field covers 56% of the height of the cylinders in the z
direction and the full gap (1[mm]) in the radial direction.
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Figure 3.11: Comparison of the corner secondary flow between the analytical (xψmin =
−0.45, zψmin = −19.46) and experimental observation (xψmin = −0.52, zψmin = −19.72)
of 500[ppm] (w/w) of PEO in 42.9% (w/w) aqueous solution of PEG at T˜ = 20[oC]. The
applied shear rate is γ˙ = 30[s−1]. Experiments: δ = 0.04,Λ = 20, Re = 5× 10−2,Wi =
18, β = 0.89. Analytical:δ = 0.04,Λ = 20, Re = 0,Wi = 18, β = 0.89.
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Figure 3.12: Locations of the eyes of maximum vortices for Wi = 0.1, β = 0.5, δ = 0.1
in different aspect ratios Λ =0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1.0, 1.25, 1.5, 1.75, 2.0,
2.5, 3.0, 3.5 and 4.0 (diamonds, from left to right, respectively).
followed by a decrease in the magnitude of the average velocity throughout the gap.
To better discuss the effect of confining walls on the secondary flow, it is better to use
the mean value of the main velocity as the reference velocity in Figure 3.13(b) rather
than the wall velocity. In this manner, one can see how the magnitude of the secondary
flow streamfunction is scaled with respect to the mean value of the velocity at the same
aspect ratio. Using this normalization, it can be shown that, although the magnitude of
the main velocity is decreased as the aspect ratio decreases, the ratio of the magnitude
of the secondary flow velocity relative to the mean velocity increases, confirming the
fact that lateral components of the velocity get stronger as the confining effect of the
walls increases (Λ→ 0).
3.6.4 Conclusions
In this chapter, based on both a linear analytical perturbation approach and full nonlin-
ear numerical simulations using a finite-volume technique, the effect of confining walls
on the inertialess, viscoelastic narrow-gap TC system was investigated and compared
with experimental observations. The results show that, for any finite aspect ratio, a pair
of secondary flow vortices exists for any non-zero elasticity (i.e. Wi > 0), in excellent
qualitative agreement with the experiments. This secondary flow appears due to the
presence of gradients of the first normal-stress difference (more precisely from the τθθ/r
term in equation 3.6). The confining walls on the top and bottom of the geometry can
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Figure 3.13: Variation of ψmax with Wi for β = 0.5, δ = 0.1 in different aspect ratios
of Λ∗(Λ) = 0.2(0.25), Λ∗(Λ) = 0.5(1) and Λ∗(Λ) = 0.909(10) (a) normalized with wall
velocity and (b) normalized with mean value of main velocity. The solid line shows the
analytical solution and the dashed line with diamonds highlights the numerical data.
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significantly influence the flow distribution through the gap, and the average velocity
in the narrow gap is always smaller than the 1D case.
The confining effect of the walls can modify the threshold of the purely elastic instability
which is known to occur in TC systems. Based on full nonlinear simulations, the Mcr
parameter of McKinley et al. (1996b) is not a constant for the finite-aspect-ratio cases
but a weak function of the aspect ratio of the geometry. Nevertheless the values of the
M parameter obtained (1.3–2.2) are broadly consistent with values obtained in purely
elastic instabilities for other flows (McKinley et al., 1996b; Alves and Poole, 2007; Zilz
et al., 2012; Sousa et al., 2016; Pakdel and McKinley, 1998). The analysis here would
indicate that purely elastic instabilities are more likely to occur at lower Weissenberg
numbers for lower-aspect-ratio geometries and this could be used to promote such in-
stabilities, e.g. to enhance mixing. The results in this chapter may also have important
applications for TC devices used in small-angle neutron scattering or flow birefringence
experiments, which tend to use smaller aspect ratios and are therefore more probe to
purely-elastic instabilities which would be unwanted in these cases.
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Chapter 4
Control of symmetry-breaking
instability in cross-slot
geometries 1
The cross-slot stagnation point flow is one of the benchmark problems in non-Newtonian
fluid mechanics as it allows large strains to develop and can therefore potentially be
used for extensional rheometry measurements or, once instability arises, as a mixing
device. In such a flow, beyond a critical value in which the ratio of elastic force to
viscous force is high enough, elasticity can break symmetry even in the absence of sig-
nificant inertial forces (i.e. creeping flow), which is perhaps an unwanted phenomenon
if the device is to be used as a rheometer but beneficial from a mixing perspective. In
this chapter, a passive control mechanism is introduced to the cross-slot by adding a
cylinder at the geometric centre to replace the “free” stagnation point with “pinned”
stagnation points at the surface of the cylinder. In the current modified geometry,
effects of the blockage ratio (the ratio of diameter of the cylinder to the width of the
channel), the Weissenberg number (the ratio of the elastic forces to viscous forces)
and extensibility parameters (α and L2 parameters) are investigated in 2D numeri-
cal simulations using both the simplified Phan-Thien and Tanner (sPTT) and finitely
extensible non-linear elastic (FENE-P) models (Appendix E). It is shown that the
blockage ratio for fixed solvent-to-total viscosity ratio has a stabilizing effect on the
associated symmetry-breaking instability. The resulting data show that the suggested
modification, although significantly changing the flow distribution in the region near
the stagnation point, does not change the nature of the symmetry-breaking instability
or, for low blockage ratio, the critical condition for onset. Using both numerical and
physical experiments coupled with a supporting analytic analysis, it can be concluded
that this instability cannot therefore be solely related to the extensional flow near the
stagnation point but it is more likely related to streamline curvature and the high
deformation rates near the corners i.e. a classic “curved streamlines” purely-elastic
1Work from this chapter has been submitted to Journal of Fluid Mechanics.
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Figure 4.1: Schematic of the cross-slot geometry with a cylinder and the coordinate
systems used in the problem. Not to scale. The angle theta is measured with respect
to the diagonal line |x| = |y|.
instability following the Pakdel-McKinley paradigm encapsulated in equation 1.2. The
work in this chapter also suggests that the proposed geometric modification can be an
effective approach to enabling higher flow rates to be achieved whilst retaining steady
symmetric flow allowing effective control of flow in the cross-slot.
4.1 Geometric configuration and problem definition
A schematic of the geometry and employed coordinate systems are shown in Figure 4.1.
The length of inlet/outlet arms are set to be 15 times of the width of channel in order to
allow fully-developed conditions at the cross-slot, which we confirmed in our numerical
simulation to be sufficient. In the numerical procedure, a constant bulk velocity U˜B at
the inlets, and Neumann boundary condition at the outlets were assumed. At the walls,
the no-slip boundary conditions were imposed and the values of the extra stress com-
ponents were linearly extrapolated using the method introduced in Pimenta and Alves
(2017). In order to better understand effects of the proposed geometry modification on
the cross-slot symmetry-breaking instability, besides the no-slip boundary condition,
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a number of additional simulations using a complete slip boundary condition at the
cylinder wall were also carried out (i.e. normal velocity component is fixed to zero
while the tangential component is set to have zero gradient). No finite disturbances
are introduced in the simulations to induce the onset of symmetry-breaking instability.
Instead, the instability is naturally triggered from accumulation of numerical error via
machine level precision.
4.2 Non-dimensionalization
It is convenient to use dimensionless parameters in this problem. The relationships
between dimensional and dimensionless parameters are:
x =
x˜
W˜
, y =
y˜
W˜
, r =
r˜
W˜
,Φ =
D˜
W˜
,U =
U˜
U˜B
, Re =
ρ˜U˜BW˜
η˜t
,
Wi =
λ˜U˜B
W˜
, β =
η˜s
η˜t
, N1 =
τ˜xx − τ˜yy
η˜tU˜B/W˜
, ˙ =
˜˙
U˜B/W˜
,Ω =
Ω˜
U˜B/W˜
were x˜, y˜ and r˜ are the variables related to the corresponding rectangular and polar
coordinate systems, W˜ is the width of the channel, D˜ is the diameter of the cylinder, Φ
is the blockage ratio parameter which may change between zero (the standard cross-slot
geometry with no cylinder) to
√
2 (fully blocked cross-slot geometry) values, U˜ is the
velocity vector, U˜B is the imposed bulk velocity at the inlet arms, Re is the Reynolds
number which is set to be 0.01 for all simulations in order to model creeping flow, Wi
is the Weissenberg number, β is the solvent-to-total viscosity ratio and η˜t is the total
viscosity (i.e. η˜t = η˜s + η˜p), N1 is the non-dimensional first normal-stress difference, ˜˙
is the strain rate and Ω˜ is the vorticity tensor.
4.3 Mesh dependency study
In this section, a number of representative results analysing the effect of mesh on the 2D
flow distribution are presented to give an overview of numerical accuracy. The block-
structured mesh generation in OpenFoam, requires the flow domain to be divided into
sixteen smaller sub-domain blocks. In Figure 4.2, a schematic definition of the different
blocks used in the mesh generation steps for a nominal blockage ratio of Φ = 55%
is illustrated. Here, two different meshes were used and the characteristics of these
meshes are presented in Table 4.3. The cell growth rate (GR) is defined based on the
ratio of the first cell size to the last cell size in a specific direction. Note that, owing
to the symmetry of the domain, only mesh information for a quarter of the geometry
is presented but the full geometry is used in all simulations.
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Figure 4.2: Schematic representation of the geometry and definition of the blocks used
to generate the mesh
Table 4.1: Main characteristics of meshes in different blocks (NR × NT (GRR, GRT)
)a problems.
Block I II III IV NCVb
M1 60×30 (0.05, 5) 36×30 (25, 5) 36×30 (25, 0.2) 60×30 (20, 0.2) 23040
M2 120×60 (0.05, 5) 72×60 (25, 5) 72×60 (25, 0.2) 120×60 (20, 0.2) 92160
a NR, NT: number of cells in radial and tangential directions; GRR, GRT: Cell grow
rate in radial and tangential directions.
b NCV: total number of control volumes.
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Figure 4.3: Distribution of velocity magnitude, at the entrance region of the outlet
arms (i.e. along the line y = ±0.5) for different meshes for Newtonian creeping flow.
M1 and M2 results are shown in blue and red, respectively.
In Figure 4.3, the effect of mesh refinement on the flow distribution of creeping
Newtonian flow are presented (i.e. Re = 0.01). In this figure, the distribution of
velocity magnitude at the entrance region of the outlet arms, are presented for the
meshes introduced in Table 4.3. The results show that the mean average errors between
M1 and M2 are less than 1.3%. Therefore, the remaining results presented here were
obtained using the M1 except for simulations corresponding to Φ = 10% in which
meshes similar in density to M2 were used. For the standard cross-slot geometry a
mesh similar to the work by Cruz et al. (2016) consisted of five blocks were used. The
total number of cells for the standard cross-slot geometry is 13005.
4.4 Experiments
4.4.1 Experimental set-up
A schematic diagram of the experimental rig is shown in Figure 4.4. Flow through the
microfluidic system was driven using two identical individually-controlled high precision
syringe pumps (PHD Ultra Harvard Apparatus). One of the pumps drives fluid into the
two opposed inlets, while the other one withdraws fluid simultaneously from the two
outlets of the device (all at equal volumetric flow rates). According to the manufacturer,
the mass flow rate ( ˜˙m) certified accuracy is 0.35% at the lowest free pulsation-free
delivering rate, which set the lowest flow rate used.
For the purpose of this study, two geometries including one standard cross-slot
device and one modified cross-slot geometry with Φ = 55% were designed. These
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Figure 4.4: (a) A schematic illustrating the experimental apparatus of a microfluidic
cross-slot device allowed for direct observation of the x− y plane. The origin is placed
at the geometric centre of the device. The rig is mounted on an inverted microscope
fitted with a filter cube. A pulsed Nd:YAG laser is used to excite the dyed fluid, and
a CCD camera enables the instability formation to be captured (notes: 1-not to scale;
2-camera FOV to be captured (field of view): 4 [mm] × 4 [mm]). (b) The prototype
microfluidic device rigs for I: standard cross-slot geometry and II: the cross-slot with
cylinder geometry. The channels were micro-machined in brass and encased in poly-
oxymethylene. A 6.5[mm] thick upper wall fabricated from borosilicate glass to obtain
seal while allowing the flow structure to be visualised. (c) Photograph illustrating the
experimental rig set-up assembled.
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geometries were micro-machined into two pieces of brass using CNC machining with
a rectangular cross-section channel. Here, to best approximate a 2D channel, the
channel height is selected to be twice of its width, H˜ = 2000 ± 10[µm] and W˜ =
1000±10[µm], respectively. The device was encased in polyoxymethylene, an insulating
material also known as ACETAL. The cross-section dimensions of the cross-slot flow
device were quantified using a Nikon EPIPHOT TME inverted microscope with 100
times magnification, 470 pixels = 1000[µm]. The combined length of the channel inlet
and outlet is 80W˜ = 80± 0.1[mm] to ensure fully-developed flow at the central region
of the geometry for all flow rates studied. The cross-slot geometry was enclosed by a
6.5[mm] thick upper wall fabricated from borosilicate glass to maintain sealing while
still allowing the flow structure to be visualised.
Rhodamine-B (ACROS Organics) was chosen as a fluorescent dye to capture the flow
patterns in the cross-slot micro-geometry (Ross et al., 2001; Huang et al., 2013, 2014).
The dyed fluid was prepared by dissolving 30 ppm of Rhodamine-B in half of the work-
ing fluid. The optical set-up is composed of an inverted microscope (DMI, Leica Mi-
crosystems GmbH) fitted with an appropriate filter cube (excitation BP 530−545[nm],
dichroic mirror 565[nm], barrier filter 610− 675[nm], Leica Microsystems GmbH), and
a pulsed Nd:YAG laser (Solo-PIV III laser, wavelength 532[nm], New Wave Research)
that is used to excite this fluorescent Rhodamine-B dye with illumination and a CCD
(charge couple device) camera.
4.4.2 Working fluids
The Newtonian working fluid used in the experiments is a mixture of glycerine (relative
density 1.26, ReAgent Chemical Services) and distilled water with a nominal concen-
tration of 70 percent glycerine (by weight). The density (ρ˜) and viscosity (η˜s) of the
mixed solution were measured at T˜ = 20[◦C]. A density meter (Anton Paar DMA 35N)
with a quoted precision of 0.001[g/cm3] was used for quantifying the fluid density. A
controlled-stress torsional rheometer (Anton Paar MCR302) was utilised to measure
the fluid viscosity using a 60[mm] and 1◦ cone with a shear rate range from 1[s−1] to
200[s−1]. The measured values of the density (ρ˜) and viscosity (η˜s) are 1184[kg/m3]
and 35.50[mPa.s], respectively.
To elucidate the role of elasticity, a mixture of 70 percent glycerine and distilled
water (by weight) and 190 ppm polyacrylamide (PAA, Mw = 18×106[g.mol−1], Sigma-
Aldrich). Initially, the required amount of PAA is added to distilled water, and the
resultant liquid is slowly mixed using a magnetic stirrer. In another container, the nec-
essary amount of glycerine is also added to distilled water and mixed using a magnetic
stirrer. After 24 hours, the result is two clear, transparent, and colourless solutions.
The PAA and glycerine solutions are then combined in a unique container, and the
resultant polymer solution is thus left to mix gently in a magnetic stirrer (24 hours).
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Figure 4.5: Analytical fit based on the sPTT model (α = 0.63, η˜0 = 3360[mPa.s], η˜∞ =
35.5[mPa.s]) and the experimental shear viscosity data of 190 ppm polyacrylamide
(PAA) in 70:30 glycerine/water solution versus the shear rate at T˜ = 20[◦C].
All rheology measurements were conducted at T˜ = 20 ± 0.1[◦C]. The working fluid
characterisation includes measuring viscosity, density, and relaxation time. Figure 4.5
displays the experimental data for viscosity of the viscoelastic fluid as a function of
applied shear rate and an analytical fit based on a single mode sPTT model with
α = 0.63, η˜0 = 3.36[Pa.s] and η˜∞ = 35.5[mPa.s]. The relaxation time of the fluid were
measured using small amplitude oscillatory shear. Analysing the storage modulus (G˜′)
and the loss modulus (G˜′′) using a Maxwell model is a common approach to estimate
the relaxation time of viscoelastic fluids (Bird et al., 1987). Here, a four mode gener-
alized Maxwell model is used to estimate the average relaxation time. The response of
the generalized Maxwell model for the oscillatory test is as follows:
G˜′ =
4∑
i=1
η˜iλ˜iω˜
2
1 + λ˜2i ω˜
2
, (4.1)
G˜′′ =
4∑
i=1
η˜iω˜
1 + λ˜2i ω˜
2
, (4.2)
where the unknown λ˜i and η˜i values of the model are determined by minimizing the
deviation between the model and experimental data of the frequency sweep test subject
to the constraints that the total viscosity is equal to 3.36[Pa.s] and the solvent mode
has 35.5[mPa.s]. Finally, the average relaxation time of our working fluid may be
estimated as
¯˜
λ =
4∑
i=1
η˜iλ˜i
η˜i
. (4.3)
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Figure 4.6: Variation of the storage and loss modulus versus the frequency for the
solution of 190 ppm polyacrylamide (PAA) in 70:30 glycerine/water at T˜ = 20[◦C].
Here, the Anton Paar MCR302 is used to measure the rheological properties of
the working fluid. Both the amplitude and frequency sweep tests are carried out at
T = 20[◦C], using a 60[mm] and 1◦ cone. Figure 4.6 shows the results of the frequency
sweep test in the range of 0.01 to 4 Hz at 10% strain amplitude. Our experimental
results suggest an average relaxation time of ˜¯λ = 45.05[s].
4.4.3 Experimental protocol
Experiments are conducted over a range of 0.1 < W¯i < 200 by programming the
syringe pumps to perform ramps in W¯ i with small step increases in mass flow rate
(0.001 < m˙/ρ˜ < 0.2[nl/s]). Here, W¯ i is defined based on the average relaxation time
of the fluid obtained from equation 4.3. The camera is synchronised with the laser at a
repetition rate of 8.875[Hz]. All images shown in this work were captured from the top
view using an 8× microscope objective (Leica Microsystems GmbH), and the camera
FOV (field of view), 4 [mm] × 4 [mm] which thoroughly covers the central region of the
device containing the field of interest. The flow visualisation technique applied here
consists of pumping dyed fluid (Rhodamine-B) from one of the inlets while undyed
fluid is pumped in the other inlet; both inlets are kept at the same flow rate using the
same syringe pump but two identical syringes. Fluid motion starts from rest and at
least fifty images were captured through the upper glass cover of the cross-slot cell. To
assure the flow distribution has reached its steady-state situation, after changing the
flow rate approximately a 30-40 minute wait at each step is applied.
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4.5 Results and Discussion
In this section, results related to the influence of the geometric modification on the
flowfield and on the associated steady symmetry-breaking instability in the cross-slot
geometry are presented. In this chapter a series of 2D numerical simulations, experi-
mental results and a supporting approximate analytical solution are used to determine
the M parameter (equation 1.2) to show that this instability cannot be solely related to
the extensional flow near the stagnation point and is more likely related to streamline
curvature and the high deformation rates near the re-entrant corners.
In the standard cross-slot geometry, fluid particles experience a complex deformation
due to the existence of shear-dominated and elongational-dominated flows near the
corners and stagnation point, respectively. A suitable parameter that can be used to
visualise different types of flow is the flow-type parameter ζ (Lee et al., 2007):
ζ =
||D˜|| − ||Ω˜||
||D˜||+ ||Ω˜|| , (4.4)
where, ||D˜|| = ( D˜:D˜2 )1/2 and ||Ω˜|| = ( Ω˜:Ω˜2 )1/2 are magnitudes of deformation (i.e.
D˜ = (∇U˜+∇U˜
T
)
2 ) and vorticity tensors (i.e. Ω˜ =
(∇U˜−∇U˜T )
2 ), respectively. The ζ
parameter may vary within the range [−1, 1] in which ζ = −1 characterizes a solid-
like rotational deformation, ζ = 1 a pure extensional and ζ = 0 a simple shear flow.
Results shown in the left column of Figure 4.7 highlight the effect of elastic stress on
the streamline distribution superimposed on the flow-type parameter for small values
of Wi number before the onset of the symmetry-breaking purely-elastic instability. As
shown, following Figure 4.1, the inlets are located on the left and right sides while the
outlets are on the top and bottom. Due to the existence of these opposite inlets and
outlets, a point with zero velocity appears at the centre of the geometry (a stagnation
point) resulting in a planar elongational flowfield in this area. As shown in Figure
4.7, in the creeping flow of Newtonian fluids, this extensional-dominated flow appears
in the shape of four strands stretched along the centrelines of the inlet/outlet arms.
These strands are located at the mid-distance between the two walls where, due to
symmetry, the shear rate is zero (see Figure 4.8), and due to a non-zero value of the
streamwise gradient of velocity, a purely-elongational flow is observed. This issue can
also be illustrated by plotting the xy component of the vorticity tensor (Ωxy) as shown
in the right hand column of Figure 4.7.
By increasing the Weissenberg number up to a limit (here, Wi = 0.17 for β = 19
and α = 0.02), the velocity distribution in the fully developed channel exhibits a flatter
distribution in comparison to the Newtonian flowfield, due to shear-thinning, and conse-
quently the elongational dominated flow expands to a wider region. As shown in Figure
4.8, by increasing the value of Weissenberg number beyond this limit, three shear-
free locations appear in the velocity profile, leading to three strands of elongational-
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(a) Newtonian (b) Newtonian
(c) Wi = 0.17 (d) Wi = 0.17
(e) Wi = 0.3 (f) Wi = 0.3
Figure 4.7: Distribution of the flow-type parameter and the xy component of the
vorticity tensor (Ωxy) for Newtonian and viscoelastic fluids with α = 0.02, β = 1/9, in
a standard-shape cross-slot geometry (Φ = 0%). Streamlines are superimposed in all
cases.
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(a)
(b)
(c)
Figure 4.8: Comparison of non-dimensional velocity distribution along (a) the vertical
line at x = −0.5, (b) the horizontal line at y = 0.5, (c) the horizontal line at y = 1
between Newtonian and viscoelastic fluids with α = 0.02, β = 1/9, in a standard-shaped
cross-slot geometry (Φ = 0%).
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dominated fields at the outlet arms (along the line y = ±0.5). As the flow redevelops we
expect the flow further downstream to eventually exhibit its approximately parabolic
fully-developed distribution (i.e. with only one shear-free point), so these strands join
together as we move further downstream through the outlet arms. The results in Fig-
ures 4.7 and 4.8 show that the effect of elasticity on the flowfield, even prior to any
purely-elastic instability, is significant and changes the flow type downstream of the
stagnation point in quite a fundamental way.
Previous studies (Arratia et al., 2006; Gardner et al., 1982) conducted in the stan-
dard cross-slot geometry have shown that beyond a critical value of the Wi number,
elasticity can break symmetry even in the creeping-flow regime. This change of flow
distribution can be related to the existence of multiple solutions to the hydrodynamic
problem due to the non-linear nature of the elastic force in viscoelastic fluids. In
other words, due to the existence of the non-linear upper-convective derivative oper-
ator (equation 2.4) in the governing equations, the problem may exhibit more than
one solution leading to bifurcation of solutions after a critical value of Weissenberg
number. The modifying effects of adding a cylinder to the flowfield and the associ-
ated symmetry-breaking instability is presented in Figure 4.9 (for a nominal case of
Φ = 50%). The results suggest that once the cylinder is added, although the flow
distribution in the geometric central region changes significantly, i.e. the shear-free
elongational dominated regime with a single stagnation point is replaced with a shear
flow around the cylinder wall containing four stagnation points stretched towards the
inlet/outlet arms, the steady symmetry-breaking nature of the instability essentially
does not change.
By increasing the blockage ratio, the average velocity passing through the central
region of the cross-slot geometry (i.e. through L˜ in Figure 4.1) increases which will
consequently increase the local shear rate and hence the first normal-stress difference
in this region (see Figure 4.10). On the other hand, by changing the size of the cylinder,
the local values of streamline curvature are also changed. These two issues suggest that
the proposed geometry modification may be used as an effective approach to control
the kinematic properties of the flowfield that are known to play an important role in the
onset of the instability (see equation 1.2) if the instability is of the “curved streamlines”
type. Figure 4.10 illustrates the transition from steady symmetry-breaking instability
at the standard cross-slot geometry by performing increasing blockage ratio simulations
at a constant value of Wi = 0.7 with α = 0.02, β = 1/9, suggesting a stabilizing effect
of the blockage ratio as symmetry is progressively returned to the flow as Φ increases.
In order to better characterize the magnitude of the observed instability in the nu-
merical simulations, we define an asymmetry parameter as the ratio of the x-component
of velocity to the mean value of velocity in the inlet arms , i.e. AP = U˜x
U˜B
, at the
x = 0, y = 0.5 location. Using this definition, if the flow retains its symmetric distri-
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(a) Newtonian, Φ = 0% (b) Newtonian, Φ = 50%
(c) Wi = 0.51,Φ = 0% (d) Wi = 0.65,Φ = 50%
(e) Wi = 0.515,Φ = 0% (f) Wi = 0.66,Φ = 50%
Figure 4.9: Distribution of the flow-type parameter for Newtonian and viscoelastic
fluids with α = 0.02, β = 1/9.
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(a) Φ = 0% (b) Φ = 25%
(c) Φ = 50% (d) Φ = 55%
(e) Φ = 60% (f) Φ = 75%
Figure 4.10: Effect of the geometry modification on streamlines superimposed onto
contour plots of non-dimensional first normal-stress difference for Wi = 0.7, α = 0.02,
β = 1/9. Beyond Φ = 60% symmetry is returned to the flow.
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Figure 4.11: Effect of Weissenberg number on the symmetry-breaking instability for
α = 0.02, β = 1/9 and different blockage ratios Φ.
bution, the x component of velocity at this location will be equal to zero, while once
instability is triggered, due to the asymmetric distribution of the resulting flow, U˜x
exhibits a non-zero value.
Previous studies (Poole et al., 2007a,c) showed that by increasing the Weissenberg
number, the symmetry-breaking exhibits a supercritical growth close to the bifurcation
point. In Figure 4.11, the variation of the asymmetry parameter is plotted versus the
Weissenberg number for different values of blockage ratios, which all exhibit a similar
supercritical characteristic behaviour for the instability as was observed previously
in the standard cross-slot (Poole et al., 2007b). In Figure 4.12, we show the effect
of the blockage ratio for different constant values of the Weissenberg number with
β = 1/9, α = 0.02. These results reveal a stabilizing effect of the addition of the
cylinder at the geometrical centre of the cross-slot problem characterizing a supercritical
behaviour close to the bifurcation point (i.e. AP 2 = a(1−Φ) + b where values of a and
b are shown in Figure 4.12).
A previous experimental study in the standard cross-slot geometry conducted by
Sousa et al. (2018) has also shown that by increasing the Weissenberg number to higher
values, one can potentially trigger a second time-dependent instability. Numerical sim-
ulations of shear-thinning sPTT fluids conducted by Cruz et al. (2016) has shown that
critical values of Weissenberg number for the onset on instability for both the steady
symmetry-breaking and the time-dependent instabilities are a function of the cross-
section aspect ratio (AR = heightwidth ) and the shear-thinning properties of the fluid (i.e.
the α parameter in the sPTT model). Cruz et al. (2016) show that once the aspect ratio
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Figure 4.12: Effect of blockage ratio parameter on the symmetry-breaking instability
for α = 0.02, β = 1/9.
is sufficiently small, depending on the value of α parameter, the flow distribution can
potentially switch from the steady symmetry state to the time-dependent instability
directly.
In order to test the hypothesis that a cylinder can delay the steady symmetry-
breaking, the analysis from 2D numerical simulations is extended to a series of experi-
ments using the flow visualization approach introduced in section 4.4. For this purpose,
two cross-slot geometries are used with the cross section aspect ratio of two, AR = 2,
one standard cross-slot geometry and one cross-slot geometry with a cylinder at the
geometrical centre with Φ = 55%. This geometry is selected to best approximate a 2D
channel and observe the steady asymmetry based on the results of Cruz et al. (2016).
Here, a florescence dyed fluid is injected from the right inlet while undyed fluid
is pumped in from the left inlet; both at the same flow rate, to visualise the flow
distribution in the studied geometries. By increasing the flow rate, the Weissenberg
number can be changed from 0.1 up to 200. These results suggest that beyond a
critical value of the Weissenberg number, W¯ icr ≈ 0.46, the symmetry of flow is broken
in agreement with previous studies (Arratia et al., 2006; Sousa et al., 2018). In the
standard cross-slot geometry, Figure 4.13 shows the flow distribution in symmetric
Newtonian flows and a steady asymmetry flow for 190 ppm polyacrylamide (PAA) in
70:30 glycerine/water viscoelastic fluids at W¯ i = 0.8 and Re = 6e − 6. To better
investigate the symmetry-breaking instability we define an experimental asymmetry
parameter as APe =
(H˜11−H˜12)+(H˜22−H˜21)
2W˜
. A schematic definition of H˜11, H˜12, H˜21
and H˜22 are illustrated in figure 4.13 (a).
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(a) steady symmetry (W¯ i = 0) (b) steady asymmetry (W¯ i = 0.8)
Figure 4.13: Visualisation of the flow pattern and schematic representative of char-
acteristic lengths used in definition of asymmetry parameter in our experiment for
the standard cross-slot geometry (Φ = 0%) at Re = 6e − 6 for solutions of (a) 70:30
glycerine/water Newtonian fluid and (b) 190 ppm polyacrylamide (PAA) in 70:30 glyc-
erine/water viscoelastic fluids at W¯ i = 0.8. Fluid with the fluorescence dye injected
from right inlet arm whereas the fluid without dye is injected from left.
0 0.5 1 1.5 2 2.5
0
0.05
0.1
0.15
AP
2 e
0 1 2
0
0.2
0.4
AP
e
Figure 4.14: Variation of the asymmetry parameter against the Weissenberg number for
190 ppm polyacrylamide (PAA) in 70:30 glycerine/water viscoelastic fluids in standard
cross-slot geometry.
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(a) instant 1 (b) instant 2
Figure 4.15: Flow visualisation at different instants of the oscillation cycle at the centre
of the standard cross-slot geometry at W¯ i = 277. Fluid with the fluorescence dye
injected from right inlet arm where as the fluid without dye is injected from left.
In Figure 4.14, we show that the symmetry-breaking instability in the standard
cross-slot geometry, near the bifurcation point follows a supercritical growth, as was
also observed in our 2D numerical simulations. As the Weissenberg number is increased
to higher values, a time dependent symmetry-breaking instability develops at W¯ i ≈ 92
which oscillates between two states (see Figure 4.15). Unfortunately the experimental
protocol was insufficient to characterise this time dependency more quantitatively.
Following the benchmark of the experimental protocol, the standard cross-slot ge-
ometry was replaced with a modified geometry with Φ = 55%. In Figure 4.16, the
symmetric distribution of flowfield for both the Newtonian fluid and 190 ppm polyacry-
lamide (PAA) in 70:30 glycerine/water viscoelastic fluids at W¯ i = 2.3 and Re = 2e− 5
are presented. Here, unlike the standard cross-slot geometry that the purely-elastic
symmetry-breaking instability was triggered at W¯ icr = 0.46, we were able to retain
a symmetric flowfield up to W¯ icr ≈ 3.5, qualitatively supporting the 2D numerical
simulations regarding the stabilizing effect of the addition of a cylinder.
In the experiments, unlike the prediction from 2D numerical simulations, it can
be noticed that by increasing the Weissenberg number to higher values, the flowfield
switches to an unsteady oscillatory instability (Figure 4.17) directly with no evidence
of a steady symmetry-breaking instability. This issue may potentially be related to the
effect of finite cross-section aspect ratio in the experiments which was neglected in our
2D simulations. Having shown experimentally that the cylinder does indeed stabilise
the flowfield significantly, numerical simulations are now used to probe additional effects
and to see how the blockage ratio delays onset can be quantified.
Figure 4.18, shows the “stability diagram” for the modified geometry. Here, above
the black dashed-line (the data are shown by red filled diamonds) are the regions in
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(a) steady symmetry (Wi = 0) (b) steady symmetry (Wi = 2.3)
Figure 4.16: Visualisation of the flow pattern in cross-slot geometry with Φ = 55% at
Re = 2e−5 for solutions of (a) 70:30 glycerine/water Newtonian fluid and (b) 190 ppm
polyacrylamide (PAA) in 70:30 glycerine/water viscoelastic fluids at W¯ i = 2.3. Fluid
with the fluorescence dye injected from right inlet arm where as the fluid without dye
is injected from left.
(a) instant 1 (b) instant 2
Figure 4.17: Flow visualisation at different instants of the oscillation cycle at the centre
of the cross-slot geometry with Φ = 55% and W¯ i = 18.5. Fluid with the fluorescence
dye injected from right inlet arm where as the fluid without dye is injected from left.
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Figure 4.18: Boundary between the symmetric and asymmetric flow for different Wi
numbers and blockage ratio for α = 0.02, β = 1/9.
which the flow exhibits a steady asymmetric distribution. The simulations suggest
that as the size of the cylinder approaches to zero, its modifying effects on the critical
conditions of triggering the symmetry-breaking instability fades away and the critical
value of the Weissenberg number for the onset of the instability approaches to the
critical value of Weissenberg number in the standard cross-slot geometry. One should
note that a combination of conservation mass (i.e. ∂Ur∂r +
1
r
∂Uθ
∂θ = 0) with the no-slip
boundary condition (i.e. velocity at the cylinder wall is equal to zero and due to the
no-slip boundary condition ∂Uθ∂θ |r=Φ = 0) requires the strain rate at the stagnation
point at the cylinder to become zero. So, by replacing the free-stagnation point with
pinned stagnation points, independent of the cylinder size, a non-zero value of strain
rate at the stagnation point is replaced with a zero value once the no-slip boundary
condition is applied (as confirmed in Figure 4.19).
By changing the applied boundary condition at the cylinder surface at a constant
blockage ratio, the onset sensitivity of the purely-elastic instability with the magnitude
of the strain rate at the vicinity of cylinder is analysed. In Figures 4.19 and 4.20,
the strain rate distribution along the symmetry lines for both the Newtonian and
viscoelastic fluids before the onset of instability is plotted using both slip and no-slip
boundary conditions at the cylinder surface. As can be seen, by replacing the no-slip
boundary condition with a slip boundary condition, although the zero strain rate value
at the stagnation point is replaced by a larger non-zero value (approximately 3.5 times
larger than the maximum value of strain rate at the standard cross-slot geometry),
the critical value of the Weissenberg number in which the instability is triggered stays
almost constant (i.e. Wicr ≈ 0.51)
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Figure 4.19: Effect of blockage ratio parameter on the flow strain rate before
the start of instability for α = 0.02, β = 1/9 along (a) horizontal lines down-
stream (b) vertical line upstream. (The critical values of Wi number for Φ =
0%, 25%, 40%, 50%, 55%, 60%, 65% are 0.51, 0.54, 0.59, 0.66, 0.7, 0.78, 0.9, respectively)
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Figure 4.20: Effect of slip boundary condition at the cylinder on flow strain rate along
(a) horizontal lines downstream (b) vertical line upstream for creeping Newtonian flows
and viscoelastic fluids before the start of purely-elastic instability for α = 0.02, β = 1/9
and Φ = 5%
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(a) U ′ = |U0%B | − |U10%B | (b) U ′′ = |U | − |Us|, with Φ = 10%
Figure 4.21: Effect of (a) geometry modification and (b) slip boundary condition on
the velocity field of creeping Newtonian fluid flows.
As is shown in Figure 4.21, the effects of the geometry modification and change
of the boundary condition for Φ = 10%, is essentially local and mainly influences
the flow distribution near the central region. The results presented in Figures 4.18-
4.21 show that in the limit where the blockage ratio tends to zero (Φ → 0), even
by applying fundamental changes to the kinematic characteristics of flowfield at the
vicinity of the stagnation point (changing both the strain rate value and the curvature
of streamlines), the critical value of the Weissenberg number in which the instability
is triggered tends towards its critical value for the standard cross-slot geometry (i.e.
Wicr = 0.51). These data strongly suggest the symmetry-breaking instability in the
cross-slot geometry is probably triggered due to the high shear rate and high curvature
of streamlines at a location away from the geometric centre and closer to the corner
regions and is essentially independent of the kinematic properties of the flow near the
stagnation point.
From the results presented it can be concluded that the high shear rate along with
the high streamline curvature near the four cross-slot corners is potentially responsi-
ble for the transition to an asymmetric flow pattern and therefore the ideas developed
by McKinley et al. (1996a) are applied to investigate this possibility. Following the
numerical procedure explained by Cruz et al. (2016), the local distribution of the M
parameter (equation 1.2) is plotted in Figure 4.22. The local illustration of the M
parameter can be an effective way to observe the location of instability-driving regions
within the flowfield. As expected from previous results, the maximum value of the M
parameter appears near the corners which is related to the high curvature of stream-
lines here and shear rate in this region (Hinch (1993)).
One of the interesting properties of the M parameter is related to its ability to scale
the purely-elastic instabilities with respect to both rhelogiocal and geometrical prop-
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(a) Wi = 0.1,Φ = 0% (b) Wi = 0.1,Φ = 50%
(c) Wi = 0.51,Φ = 0% (d) Wi = 0.65,Φ = 50%
(e) Wi = 0.52,Φ = 0% (f) Wi = 0.66,Φ = 50%
Figure 4.22: Illustrative contours of M parameter for α = 0.02, β = 1/9.
109
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45
2
0
0.5
1
1.5
2
2.5
1/
W
i cr
Numerical data
Analytical fit
Figure 4.23: Variation of critical values of Weissenberg number against the blockage
ratio parameter for α = 0.02, β = 1/9 (Analytical fit 1Wicr = −1.9578Φ2 + 1.9858 ).
erties of the problem (Pakdel and McKinley, 1998; McKinley et al., 1996b; Alves and
Poole, 2007; Zilz et al., 2012). Here, the approach suggested by McKinley et al. (1996b)
to model the effect of blockage ratio is also applied. An initial analysis suggested that
neither D˜ nor W˜ provide a good approximation of the characteristic curvature of the
streamlines in the cross-slot cylinder geometry and in fact this characteristic length
scale is influenced by both of these parameters. In Appendix C, using an approxi-
mate analytical solution for creeping Newtonian flows, it is shown that the streamline
curvature should scale as:
1
<˜ =
1
W˜
(a+ bΦ2), (4.5)
where a and b are undetermined constants. The results presented in Figure 4.22,
clearly show that the highest value of the M parameter appears in the vicinity of the
corner’s shear-dominated regions. Assuming a steady-state purely shear flow for an
Oldroyd-B fluid (of which the sPTT model approaches in the α → 0 limit), one may
scale the normal-stress component in equation 1.2 as:
τ˜ss = 2λ˜η˜p ˜˙γ. (4.6)
Here, using U˜b and <˜ as references for the velocity field and the length scale, the
reference shear rate may be expressed as ˜˙γ = U˜b<˜ . Substitution of these equations into
the dimensionless M criteria (equation 1.2), results in the following condition for the
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onset criteria of purely-elastic instability in the modified cross-slot geometry:
Mc =
√
λ˜U˜b
W˜
(a+ bΦ2)2(1− β) λ˜U˜b
W˜
(a+ bΦ2), (4.7)
where a, b and Mc are now the unknown constants. However, factoring out the
quantity ( λ˜U˜b
W˜
)2 and some rearrangement one can simplify the equation into:
1
Wicr
= a¯+ b¯Φ2, (4.8)
where, a¯ =
a
√
2(1−β)
Mc
and b¯ =
b
√
2(1−β)
Mc
are unknown constants. Figure 4.23 shows
the fit obtained based on equation 4.8 and our 2D numerical simulations. From this
prediction (equation 4.8), one can show ∂Wicr∂Φ = 0 once Φ → 0, suggesting that in
the limit Φ → 0, the modifying effect of the addition of a cylinder on the critical
kinematic properties of flowfield and the onset criteria of instability fades away (Figure
4.18 also illustrates this point). Bearing in mind that equation 4.8 is obtained using a
pure-shear flow assumption (i.e. equation 4.6) and the scaling of streamline curvature
is obtained using a Taylor expansion in the vicinity of corners, the good agreement
between the analytical prediction (equation 4.8) and numerical simulations, once again
suggests that the instability is triggered due to the high shear flow near the corners
and not the elongational dominated flow at the stagnation point itself. Finally, to
test the sensitivity of our chosen model parameters, in Appendix D we show how the
extensibility parameter in the sPTT modifies the critical conditions and in Appendix
E we show that the same results can be observed with the FENE-P model.
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4.6 Conclusions
In this chapter a passive control mechanism is introduced to the cross-slot geometry
by the addition of a cylinder at the geometric centre of the problem. A series of nu-
merical simulations and an approximate analytical analysis, using the definition of the
M parameter introduced by McKinley et al. (1996b) was used, to scale and analyse
the stabilizing effect of the proposed geometrical modification on the onset criteria for
a purely-elastic instability and compare these results to new experimental data. The
results in this chapter suggest that in the limit that Φ → 0 replacing the finite strain
rate “free” stagnation point flow with a zero strain rate “pinned” stagnation points at
the cylinder surface does not affect the onset for the purely-elastic instability. The sim-
ulations were extended by applying a complete slip boundary condition at the cylinder
and changing the maximum strain rate from zero to approximately 3.5 times of the
strain rate in the standard cross-slot geometry, to show that the kinematic properties
of the flow distribution around the stagnation point do not play any significant role
in the onset of the purely-elastic symmetry-breaking instability and that the critical
values of the Weissenberg number for which the instability is triggered, in both cases,
tend toward its critical value for the standard cross-slot geometry (i.e. Wi ≈ 0.51).
Finally, by plotting the local distribution of the M parameter, it is shown that the
location of instability-driving regions appears in the vicinity of the corners which can
be attributed to the high deformation rate and high streamline curvature in this region.
Finally how the effect of blockage ratio scales with the onset criteria is shown and thus
can be successfully used to control onset conditions.
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Chapter 5
Stabilisation of purely-elastic
instabilities in cross-slot
geometries using interfacial
tension
In this chapter of the thesis, two-phase viscoelastic fluid flows in the cross-slot geome-
try are simulated using a volume of fluid method (described in chapter 2). The stress
components of the viscoelastic material are simulated using the simplified Phan-Thien
and Tanner (sPTT) model with a log-conformation approach. The combined effects
of the capillary number (the ratio of the interfacial stress to the viscous stress), the
Weissenberg number (the ratio of the elastic stress to viscous stress), extensibility pa-
rameter of the sPTT model (α) and the solvent-to-total viscosity ratio (β) of each of
the two phases and the ratio of the total viscosities of two fluids (the K parameter) are
investigated in a 2D geometry. It is shown that the interfacial tension force plays an
important role in the shape of the interface of the two fluids near the free stagnation
point. By reducing the interfacial tension force the interface of the two fluids becomes
curved and this can consequently change the curvature of streamlines in this region.
In this scenario, for fixed values of β, Wi, α and K parameters the interfacial tension
is shown to have a stabilising effect on the associated steady symmetry-breaking in-
stability. Using the definition of the Pakdel-McKinley M parameter (equation 1.2),
an approximate analytical expression is obtained that shows the critical Weissenberg
number Wicr scales with the capillary number as
1
Wicr
= −0.0185Ca + 1.938 in agreement
with the numerical data. The K parameter is shown to change the location of the stag-
nation point and the interface position of the two fluids for a fixed value of Ca number.
By increasing the K parameter, the local value of the Weissenberg number near the
corners of the geometry is significantly increased and a combination of this kinematic
change in the flowfield with a stratification of viscosity (Yih, 1967) and jump of elastic
normal stresses across the interface (Wilson and Rallison, 1997) can consequently lead
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to a time-dependent instability. Finally, as in single phase flow,the Weissenberg number
has a destabilising effect.
5.1 Geometric configuration and problem definition
A schematic of the studied problem is presented in Figure 5.1. As shown inlets are
located at the left (fluid-1) and right (fluid-2) side arms while outlets are located at
the top and bottom arms. Width of the channels W˜ for all inlets and outlets are the
same. Fluids are injected at the inlets with an equal constant bulk velocity U˜B. A
zero gradient boundary condition for the stress and velocity components is applied at
the outlets to simulate fully developed conditions. At the walls, values of the stress
components are calculated using an extrapolation method as suggested by Pimenta
and Alves (2017) and no-slip is assumed for the velocities. For the phase indicator
parameter C, constant values of 1 and 0 are used at the left and right inlet arms and
a zero gradient at the outlet and walls.
Inlet 1 Inlet 2
Outlet 1
Outlet 2
Fluid 1 Fluid 2
Figure 5.1: Schematic of the cross-slot geometry for two-phase flow problem. Not to
scale. h˜ is indicating the passage width of fluid-1 in the outlet arms.
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5.2 Non-dimensionalization
To better characterise the flowfield and the important parameters playing a role in this
problem, the use of following dimensionless parameters are adopted:
x =
x˜
W˜
, y =
y˜
W˜
,U =
U˜
U˜B
, τ =
τ˜
η˜1,tU˜B/W˜
, p =
p˜
η˜1,tU˜B/W˜
,Rei =
ρ˜iU˜BW˜
η˜i,t
,
Wii =
λ˜iU˜B
W˜
, βi =
η˜i,s
η˜i,t
, Ca =
η˜1,tU˜B
σ
,K =
η˜2,t
η˜1,t
, APtp =
Q˜1 − Q˜2
Q˜
, St =
f˜ U˜B
W˜
,
(5.1)
where i index can be either 1 or 2 (i.e. i = {1, 2}) indicating properties of fluid-1
and fluid-2 , x˜, y˜ are the variables related to the rectangular coordinate system, W˜
is the width of the channel, U˜ is the velocity vector, U˜B is the imposed bulk velocity
at the inlet arms, τ˜ is the total stress tensor, p is the pressure, Rei is the Reynolds
number corresponding to each phase which is set to be 0.01 for all simulations in order
to model creeping flow, Wii is the Weissenberg number defined for each phases, βi is
the solvent-to-total viscosity ratio of each of two phases and η˜i,t is the total viscosity
of each of the phases (i.e. η˜i,t = η˜i,s + η˜i,p), Ca is the capillary number defined based
on the properties of fluid-1, K is the ratio of total viscosity of fluid-2 to fluid-1, Q˜ is
the imposed flow rate at the inlets (i.e. Q˜ = W˜ U˜B), Q˜1 and Q˜2 are defined in Figure
5.1 and APtp is the asymmetry parameter used in our two-phase flow simulations to
quantify the asymmetry of flow magnitude (before onset of any symmetry-breaking
instability Q˜1 = Q˜2 so APtp = 0, but once the symmetry of the flow is broken Q˜1 6= Q˜2
and APtp exhibits a non-zero value). St is the Strouhal number and f˜ is the frequency
of the time dependent instability. A previous study conducted by Wilson and Rallison
(1997) has shown that a non-zero value of the normal stress jump at the interface of
viscoelastic fluids may trigger an instability in three-layer planar flows. In this thesis,
to mainly concentrate on and study the effect of interfacial stress on the symmetry-
breaking instability in the cross-slot geometry, the values of Wi1 = Wi2, β1 = β2 and
the extensibility parameter of two fluids α1 = α2 are fixed.
5.3 Results and discussion
In this section results related to the 2D simulation of two-phase flows of both Newto-
nian and viscoelastic fluids in the cross-slot geometry are presented.
5.3.1 Analytical solution for two-phase flow of fully-developed New-
tonian fluids in a channel
Although it is well known that in the limit of no inertia or surface tension channel flows
of Newtonian fluids with a viscosity stratification are linearly unstable (Yih, 1967), nev-
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ertheless in this section an exact analytical solution for the pressure driven, creeping
two-phase flow of Newtonian fluids in between two parallel plates is derived. This so-
lution will then provide a partial benchmark solution for the non-linear simulations in
the cross-slot geometry (i.e. in the outlet arms once the flow has gone sufficiently far
downstream of the cross-slot that it becomes “fully developed”). To avoid instability
the numerical simulations include interfacial tension (Hooper and Boyd, 1983; Barmak
et al., 2016). A schematic of the problem and the employed coordinate system is shown
in Figure 5.2.
Fluid-2
Fluid-1
Figure 5.2: Schematic of the parallel plate geometry for two-phase flow problem and
the employed coordinate system. Not to scale. Choice of coordinate system is in order
to model “outlet” arms in cross-slot.
The Navier-Stokes equation in dimensionless form for fluid-1 and fluid-2 can be
written as:
(
d2Ui
dx2
) = G, i = 1 (5.2)
K(
d2Ui
dx2
) = G, i = 2 (5.3)
where x is the dimensionless variable in the rectangular coordinate system (i.e. x =
x˜
W˜
), Ui is the dimensionless velocity in the y˜ direction with respect to the reference
bulk velocity (i.e. Ui =
U˜i
U˜B
) and G is the dimensionless pressure gradient defined as
G =
∂p˜
∂y˜
η˜1U˜B
. Note that to get a rectilinear one dimensional flow distribution, the pressure
drop in both phases should be equal, otherwise it will lead to a pressure gradient in the
lateral direction of the flow stimulating a secondary motion. Solutions to equations 5.2
- 5.3 may be presented as follows:
U1 =
1
2
Gx2 + C1x+ C2, (5.4)
U2 =
1
2
G
K
x2 + C3x+ C4. (5.5)
Equation 5.4 and 5.5 should be solved subject to the continuity of tangential velocity
and the shear stress at the interface i.e. x = h˜/w˜ = h as:
U1|x=h = U2|x=h, (5.6)
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dU1
dx
|x=h = KdU2
dx
|x=h, (5.7)
and the no-slip boundary condition at the walls (i.e. at x = 0 and x = 1) as:
U1|x=0 = U2|x=1 = 0. (5.8)
Solving these equations with respect to the above mentioned boundary condition leads
to:
C1 = C3 =
3(Kh2 − h2 + 1)
h2(Kh2 − h2 − 2h+ 3) ,
C2 = 0, C4 = − 3(Kh− k − h+ 1)
h2(Kh2 − h2 − 2h+ 3) .
(5.9)
One should note that along with the unknown constants (C1, C2, C3 and C4), values of
G and h are also unknown but they can be calculated by setting the flow rate of each
fluid. In this problem we consider the flow rate in each phase to be equal to U˜BW˜/2
(or in our dimensionless form equal to 0.5). Using the flow rate constraint for fluid-1,
one can calculate the unknown pressure gradient G as:
G = − 6(Kh− h+ 1)
h2(Kh2 − h2 − 2h+ 3) , (5.10)
which is equal in both fluids. Setting the flow rate equal to 0.5 for fluid-2, leads to the
following constraint for the h variable:
0.5 + (0.5− 0.5K2)h4 + (4K − 2)h3 + (3− 6K)h2 + (2K − 2)h
h2K(3 + (K − 1)h2 − 2h) = 0. (5.11)
The unknown value of h can be obtained, now, by solving equation 5.11 numerically.
In this thesis, a bisection method has been used to solve this equation.
In order to better understand the effect of viscosity ratio, it is useful to define a
modified form of viscosity ratio ratio as:
K∗ =
K
K + 1
. (5.12)
Using this definition, when the viscosity ratio K changes from zero to infinity, the
modified form of the viscosity ratio K∗ varies from zero to one, respectively. Note, a
similar idea was used in Chapter 3 for aspect ratio. From equation 5.11, in the limits
that K → 0 and K → ∞ the h parameter tends toward one and zero, respectively.
Similarly for K = 1 (i.e. fluids in each phase has identical properties), one can show
analytically that h = 0.5. From equation 5.11 one can say by changing the viscosity
ratio parameter, the term h(1 − h) should show two roots at K∗ = 0 and K∗ = 1.
Figure 5.3 shows the variation of the h(1− h) parameter with the normalized viscosity
ratio parameter K∗ and numerical results obtained from the outlet arms from cross-slot
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Figure 5.3: Variation of the height of the interface between two fluids with viscosity
ratio for Newtonian fluids. Numerical simulations from outlet arms of cross-slot 5W˜
downstream with Ca = 0.005.
simulations sufficiently far downstream that the flow is fully developed. As shown, the
effect of the normalized viscosity ratio parameter is exactly symmetric about K∗ = 0.5
(i.e. K = 1), highlighting that the asymptotic behaviours as K → ∞ and K → 0
are equivalent. From equations 5.10 - 5.11 and results presented in Figure 5.3, one
can realize by increasing the viscosity of one of the two fluids, considering that the
pressure drop should be equal in both phases, to retain a rectilinear flow, the average
velocity reduces and so the area that the fluid requires to satisfy the constant flow rate
constraint increases. Note that the results presented in Figure 5.3 were carried out at
a high value of the interfacial tension (Ca = 0.005) (Hooper and Boyd, 1983; Barmak
et al., 2016) to avoid the instability predicted by Yih (1967).
5.3.2 Two-phase flow simulations of Newtonian fluids
To better understand the effect of important parameters playing a role in this problem
the simulation of Newtonian fluids in creeping flows (Re = 0.01) is first probed.
In Figure 5.4, results related to the effect of viscosity ratio parameter K are pre-
sented. As can be seen, by increasing the viscosity of fluid-1 (shown in red for C = 1),
the interface of the two fluids shift towards “the right” and a “dimple” starts to grow
near the stagnation point. The mechanism responsible for the shift of the interface of
the two fluids in the fully-developed regions of the outlet arms is identical to the one
previously discussed in section 5.2.1. By increasing the viscosity of fluid-1, the average
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velocity at a constant pressure gradient is reduced, so the fluid requires more space to
satisfy the constant flow rate constraint. As is well known, in two phase flow prob-
lems, a jump of normal forces appears at the interface of two fluids that is balanced by
the effect of interfacial tension as follows (Rybczynski, 1911; Taylor and Acrivos, 1964;
Davoodi and Norouzi, 2016; Norouzi et al., 2019):
τ˜1,xx − τ˜2,xx − p˜1 + p˜2 = 1< σ˜, (5.13)
where in the Newtonian problem τ˜i,xx = η˜i(
∂U˜i,x
∂x˜ ). One can show that at the stagnation
point, because ∂U∂x =
∂U1,x
∂x =
∂U2,x
∂x = constant, if η˜2 < η˜1 then τ˜2,xx < τ˜1,xx, that
can potentially lead to the presence of a positive curvature at the interface. In the
inlet arms, a higher pressure is required to flow the fluid with higher viscosity and
consequently a pressure difference at the two inlet arms appear. Unfortunately due to
the complex deformation that the fluid experiences near the stagnation point, a detailed
discussion on the pressure distribution in the vicinity of the interface of the two fluids
relies on numerical results. In Figure 5.4 (ii), the distribution of τxx − p in the central
region of the geometry is depicted. As can be seen, by increasing the viscosity of fluid-1,
a jump of the normal force at the interface of the two fluids is observed that leads to
the appearance of a dimple with a positive curvature at the interface of the two fluids
(i.e. the left hand side terms in equation 5.13 finds a positive value that balances with
the interfacial stress, interfacial tension times by the curvature of interface, on the right
hand side).
Figure 5.5 shows the effect of the viscosity parameter on the magnitude of the
velocity. As shown in Figure 5.4, by increasing the viscosity of fluid-1, the h parameter
increases leading to a reduction in the associated area which fluid-2 requires to pass in
the outlet arms. To satisfy the constant flow rate constraint in the outlet arms, the
mean value of velocity in fluid-2 increases which also leads to a higher shear rate near
the corners of the cross-slot geometry (not shown explicitly). Preliminary experiments
in square microfluidic geometries (1 < K < 60, Ca = 0.006) exhibited good qualitative
agreement with the patterns shown in Figure 5.4 (Oliveira, 2019). As discussed earlier,
in two-phase flow problems a jump in the normal forces appears at the interface of the
two fluids which is balanced by interfacial tension times by curvature. From equation
5.13, one can realize by increasing the interfacial tension to balance a constant jump in
the normal force, a smaller curvature is required. As shown in Figure 5.6, by increasing
the interfacial tension (i.e. reducing the Ca number) the curvature appearing at the
interface of the two fluids reduces and eventually, below a critical value of Ca, leads
to a flat interface (see Figure 5.6 (b)). This change in curvature at the interface,
consequently changes the flow distribution and normal stress.
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Figure 5.4: Streamlines superimposed on (i) the phase indicator parameter C , and (ii)
the τxy − p term for (a) K = 1, (b) K = 0.001, with Ca = 0.005.
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(a)                                                                                         (b)
Figure 5.5: Streamlines superimposed on the velocity magnitude for (a) K = 1, (b)
K = 0.001, with Ca = 0.005.
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Figure 5.6: Effect of interfacial tension on the interface shape of two fluids for (a)Ca =
0.1, (b)Ca = 0.005, with K = 0.1.
5.3.3 Validation of two-phase flow solver with single phase viscoelastic
solver
In Figure 5.7 the effect of the Weissenberg number on the symmetry-breaking instability
at Ca =∞ is illustrated. Imposing the value of interfacial tension σ˜ = 0, the interfacial
force applied on the interface of two fluids is set to zero (the F˜ term in equation 2.63). In
this case, by setting the rheological properties of two fluids to be equal, one can expect
conservation of momentum equation 2.63 for the two-phase flow problem reduces to its
equivalent equation 2.56 in a single phase problem. In Figure 5.8, a comparison between
the results obtained using the rheoFoam and rheoInterFoam solvers is presented that
shows both good quantitative and qualitative agreements between these two solvers.
The rheoFoam solver is a single-phase flow solver and rheoInterFoam is a two-phase
flow solver which were introduced in the rheoTool package in OpenFOAM (Pimenta and
Alves, 2017). Both solvers predict a supercritical growth of the asymmetry parameter
APtp near the critical value of the Weissenberg number Wicr = 0.515. The present
results gives us confidence in the correct implementation of the viscoelastic constitutive
equation in the two-phase flow solver.
5.3.4 Effect of interfacial tension on the symmetry-breaking instabil-
ity
As is well known, the interfacial tension acts along a surface which suggests that by
increasing the interfacial tension, the interface of two fluids should exhibit a flatter
surface (as was also discussed in the Newtonian flow problem). In Figure 5.9, this
stabilizing effect of the interfacial tension is illustrated. The results suggest that at fixed
values of Wii, αi and the βi parameter, once the instability is triggered, by increasing
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Figure 5.7: Effect of viscoelasticity on the symmetry-breaking instability of two fluids
for (a)Wi = 0.4, (b)Wi = 0.515, (c)Wi = 0.55, (d)Wi = 1, with K = 1, αi =
0.02, Ca =∞ and βi = 1/9.
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Figure 5.8: Comparison of the symmetry-breaking instability between single-phase and
two phase flow solvers for βi = 1/9 and αi = 0.02.
the interfacial tension (i.e. reducing the Ca number) the interface of the two fluids
exhibits a flatter surface and so has a stabilizing effect. The variation of the APtf
parameter with Wii is plotted in Figure 5.10 showing the supercritical nature of this
instability as is also observed in the single phase case (Figure 5.8).
In a single-phase flow problem in the cross-slot geometry the curvature parameter
can be estimated using the width of the channel as 1/<˜ = 1/(aW˜ ) in equation 1.2 where
a is an unknown constant which scales this reference length. Here, due to the presence of
the normal stress jump in equation 5.13, an additional curvature modification appears
with a contribution from the interfacial tension. Assuming a constant jump of the
normal stress b˜[N.m−2] on the interface of the two fluids (i.e. considering the left hand
side of equation 5.13 to be equal to a constant b˜[N.m−2]), the radius of the interfacial
curvature can be scaled as <˜ = σ˜/b˜. Strictly speaking, the normal stress jump at the
interface is a weak function of the capillary number. Here for the sake of scaling, it is
assumed to be a constant in order to make progress. At the end a comparison between
the prediction obtained using this assumption and the results in the 2D numerical
simulations will be carried out to show that the jump of normal stress at the interface
of two fluids should be a weak function of the Ca number and is therefore a valid
approximation in this analysis.
An initial analysis suggests that neither σ˜/b˜ nor aW˜ provide a good approximation
of the characteristic curvature of the streamlines in the two-phase cross-slot flow prob-
lem and in fact this characteristic length scale is influenced by both of these parameters.
Introducing the modifying effect of the interfacial tension on the curvature radius of
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Figure 5.9: Effect of interfacial tension on the symmetry-breaking instability of two
fluids for (a)Ca = ∞, (b)Ca = 1, (b)Ca = 0.1, (c)Ca = 0.005, with Wii = 0.6,K =
1, αi = 0.02 and βi = 1/9.
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Figure 5.10: Effect of Weissenberg number on the symmetry-breaking instability for
αi = 0.02, βi = 1/9,K = 1 and different capillary numbers.
the flow using a linear combination, the reference curvature may be presented as:
1
<˜ =
1
aW˜ + σ˜/b˜
. (5.14)
Assuming the modification applied to the streamline curvature due to the interfacial
tension is small (i.e. aW˜ >> σ˜/b˜), using a Taylor expansion one can rewrite equation
5.14 as:
1
<˜ =
1
aW˜
+
σ˜
b˜a2W˜ 2
. (5.15)
In this presentation a and b˜ are undetermined constants. Assuming a steady-state
purely shear flow for an Oldroyd-B fluid (of which the sPTT model approaches in the
α→ 0 limit), one may scale the normal-stress component in equation 1.2 as:
τ˜ss = 2λ˜η˜p ˜˙γ. (5.16)
Here, using U˜b and <˜ as references for the velocity field and the length scale, the
reference shear rate may be expressed as ˜˙γ = U˜b<˜ . Substitution of these equations into
the dimensionless M criteria (equation 1.2), results in the following condition for the
onset criteria of a purely-elastic instability in the two-phase cross-slot flow problem:
Mc =
√
λ˜U˜b
W˜
(a′ +
b′
Ca
)2(1− β) λ˜U˜b
W˜
(a′ +
b′
Ca
), (5.17)
where a
′
= 1/a, b
′
= η˜tU˜B/b˜a
2W˜ and Mc are unknown constants. However, factoring
out the quantity ( λ˜U˜b
W˜
)2 and some rearrangement one can simplify the equation into:
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Figure 5.11: Variation of critical values of Weissenberg number against the capillary
number for βi = 1/9, αi = 0.02 and K = 1. Analytical fit
1
Wii,cr
= −0.0185Ca + 1.938.
1
Wicr
= a¯+
b¯
Ca
, (5.18)
where, a¯ =
a
′√
2(1−β)
Mc
and b¯ =
b
′√
2(1−β)
Mc
are unknown constants. Figure 5.11 shows
a good agreement between the fit obtained based on equation 5.18 and 2D numerical
simulations. This simple correlation allows the prediction of the onset of a purely-elastic
instability in the two-phase cross-slot flow as a function of the capillary number.
Finally, the modifying effect of the total viscosity ratio parameter K is briefly
depicted in Figures 5.12- 5.14. As shown in Figure 5.12, reducing the K parameter
pushes the interface of the two fluids towards the right and has an initial stabilizing
effect. However, the simulations show that a further reduction of the K parameter
below a critical value triggers a time-dependent instability that might be appearing
due to a combination of an increase in the shear rate of fluid-2 near the corner (i.e. an
increase in the local value of the Weissenberg number in this region) or the stratification
of viscosity (Yih, 1967) or a jump of elastic normal stresses across the interface (Wilson
and Rallison, 1997). Results presented in Figure 5.13 show the time dependent nature
of this instability at two different instances in time. The frequency of this instability
was calculated using a fast Fourier transformation as shown in Figure 5.14.
5.4 Conclusions
In this chapter, a series of 2D numerical simulations were carried out to investigate
the combined effect of interfacial tension and the total viscosity ratio parameter K on
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Figure 5.12: Effect of the viscosity ratio parameter on the symmetry-breaking instabil-
ity of two fluids for (a)K = 1, (b)K = 0.5, (c)K = 0.1, with Wi = 1, Ca = 0.005, αi =
0.02 and βi = 1/9.
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Figure 5.13: Effect of the viscosity ratio parameter on the onset of time-dependent
symmetry-breaking instability in three different instances for K = 0.001,Wi = 1, Ca =
0.005, αi = 0.02 and βi = 1/9.
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Figure 5.14: Frequency analysis using the fast Fourier transformation approach for
the time-dependent symmetry-breaking instability with K = 0.001,Wii = 1, Ca =
0.005, αi = 0.02 and βi = 1/9.
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the onset of instability in the cross-slot geometry. Simulations for creeping Newtonian
flows, with significant interfacial tension (Ca = 0.005), suggests that by reducing the
K parameter, the interface of two fluids displace to a new location. To study the effect
of this phenomenon, an analytical solution for the creeping fully-developed flows of two
fluids with a flat interface in between two parallel plates is obtained. Using this ana-
lytical solution it has been shown that by increasing the viscosity of one of the fluids,
the pressure drop changes and so the average velocity passing through the line between
the wall and the interface of the two fluids for the fluid with higher viscosity reduces.
To satisfy a constant flow rate in both fluids the area required for the fluid to flow with
a higher viscosity needs to be increased. The mechanism behind the relocation of the
interface in the fully-developed region downstream of the cross-slot is similar to the
one discussed analytically in a planar channel. Interestingly, when the K parameter
exhibits a non-unitary value a dimple appears at the interface of the two fluids in the
vicinity of the stagnation point, which is related to the jump of the normal forces at
the interface of the two fluids. The results suggest that by increasing the interfacial
tension between two fluids the interface exhibits a flatter shape which is related to the
balance of the interfacial stress with the jump of the normal stress.
Furthermore, at a constant capillary number, by increasing the Weissenberg number
beyond a critical value such that a purely-elastic instability arises, the flow distribution
and consequently the interface of the two fluids becomes asymmetric. Once the instabil-
ity is triggered, by reducing the capillary number (i.e. increasing the interfacial tension)
at a constant Weissenberg number the interface of the two fluids becomes flatter and
eventually regains symmetry once again. Finally, the modification of the interfacial
stress on the streamline curvature is introduced in the onset criteria of instability using
the definition of the M parameter (Equation 1.2). An analytical expression is obtained
that can be successfully used to predict how the critical Weissenberg number scales
with the capillary number.
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Chapter 6
Conclusions
The research carried out in this thesis aimed to contribute to a better understanding of
purely-elastic instabilities of vicoelastic fluids such that the onset could be controlled in
some manner. To do so flows of viscoelastic fluids in two main geometries were studied:
the Taylor-Couette and the cross-slot. A series of geometrical (aspect ratio, geometric
modification) and rheological (interfacial tension) parameters were introduced and these
were shown to be effective in achieving this aim.
The results obtained in this thesis have shown that the M parameter can successfully
predict the onset condition of purely-elastic instabilities in complex flow regimes such
as ones observed in the modified cross-slot geometry and the two-phase flows in cross-
slot. In the confined Taylor-Couette geometry, the results exhibited a correct scaling
of the onset condition of the purely elastic instability using the M parameter but our
investigation has revealed that the M parameter is not constant and is in fact a function
of aspect ratio. However for the other geometries studied the M parameter was very
powerful in correctly predicting the scaling of the various parameters (i.e. Φ and Ca)
6.1 Taylor-Couette geometry
All of the previous studies related to purely-elastic instabilities in the Taylor-Couette
geometry were limited to the flow of viscoelastic fluids in between sufficiently tall cylin-
ders where the one-dimensional assumption of the base flow could be applied. In this
thesis, an investigation was carried out to study the effect of confining walls on the base
flow and on the onset criteria of purely-elastic instability in the Taylor-Couette geome-
try. As a first step, an exact analytical solution was represented for the planar Couette
flow of creeping Newtonian fluids which, due to the rectilinear distribution of the flow-
field, the solution is also valid for constant viscosity viscoelastic fluids (such viscoelastic
fluids can be modelled using the Oldroyd-B constitutive model). Results obtained us-
ing both the analytical solution and full non-linear numerical simulations in geometries
with large aspect ratios suggest that the flowfield along the symmetry gap line tends
toward the prediction of the velocity distribution obtained in a one-dimensional flow.
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In such geometries, the modification of the flowfield due to the presence of confining
walls is mainly restricted to a region located near the stationary top and bottom walls
of the geometry. Further investigations in shallow geometries has shown that by re-
ducing the aspect ratio, the modification of stationary walls on the top and bottom of
the geometry will affect a larger domain of the flowfield and that the one-dimensional
assumption of velocity distribution will not be valid any more. Following this, using
the curvature ratio as a perturbation parameter, an approximate analytical solution
for the base flow of viscoelastic fluids in the Taylor-Couette geometry was obtained.
The results so obtained using both the approximate analytical solution and the full
non-linear simulations suggest that due to a combination of streamline curvature and
the presence of the first normal-stress difference a pair of secondary flows exists in the
confined Taylor-Couette geometry which is absent for its equivalent creeping Newto-
nian flows before the start of any instability. Experiments conducted by a collaborator,
Prof. Sandra Lerouge (Universite´ Paris Diderot, France), confirmed the presence of
this secondary flow in good qualitative agreement with the analytical prediction. Once
these base flow modifications were understood, the effect of the aspect ratio on the
onset condition of the purely-elastic instability was investigated. The parameter that
can properly scale the onset criteria of purely-elastic instabilities is the so-called M
parameter (McKinley et al., 1996b). Initial results using the global distribution of the
M parameter suggests that due to the singularity of the normal-stress, the maximum
value of the M parameter is singular and its global maximum is located at the corner
of the moving and stationary walls. Thus, the analysis was restricted to just centreline
conditions which showed that Mcr is not a constant but changes with aspect ratio. The
obtained results suggest that by reducing the aspect ratio, the shear rate across the gap
centreline increases whilst the curvature remains unchanged, so from the definition of
the M parameter, one can expect that the critical Weissenberg number for the onset of
the time-dependent instability decreases by reducing the aspect ratio parameter, which
was confirmed with complimentary non-linear numerical simulations.
6.2 Cross-slot geometry
Due to the presence of opposite inlets and outlets in cross-slot stagnation point flows,
a planar elongation flow is obtained at the centroid region which is of great interest
for extensional rheometry. Previous studies conducted in this geometry has shown
that beyond a critical value of the Weissenberg number a purely-elastic instability is
triggered that can break the symmetry distribution of the flowfield - whilst remaining
steady - which is an unwanted phenomenon if the device is to be used as a rheometer.
In this thesis, a series of investigations were carried out to study different geometri-
cal and rheological parameters which are playing a role in the onset criteria of the
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symmetry-breaking purely-elastic instability in the cross-slot geometry. As a part of an
investigation in this thesis, a geometrical modification was introduced to the standard
cross-slot geometry by adding a cylinder to the geometric centre of the domain. The
results presented in the thesis suggest that by increasing the size of the cylinder, one
can potentially reduce the curvature of the streamlines in the centroid region and delay
the onset of the instability to higher values of the Weissenberg number.
In a further investigation, the effect of interfacial tension on the curvature of the in-
terface of two fluids and the onset criteria of the purely-elastic instability was inves-
tigated. Results obtained, once again using the M parameter, in both the modified
cross-slot geometry and the two-phase flow problems, have shown the important role of
the streamline curvature near the corners of the geometry on the onset criteria of the
instability and that the instability is of “the curved streamlines” type which answered
an open question from the literature.
6.2.1 The cross-slot cylinder geometry
In the cross-slot geometry, fluid particles passing through the line between the corners
of the geometry and the stagnation point experience a complex deformation due to the
presence of high shear rate and high strain rate regions at the vicinity of re-entrant cor-
ners and the stagnation point, respectively. Considering the presence of high streamline
curvature, according to the definition of the M parameter (equation 1.2), both of these
regions can potentially provide a suitable condition for a disturbance to grow and con-
sequently trigger the purely-elastic instability. From the previous studies conducted in
the literature, it is not clear if instabilities in the cross-slot are driven via curvature and
high deformation rate near the stagnation point or from a region closer to the corner.
The free stagnation point is observed frequently in problems such as flow past a
droplet or bubble, and in the standard cross-slot geometry, due to the presence of
opposite flows in the inlet and outlet arms. In such problems the strain rate at the
stagnation point exhibits a non-zero value. In contrast to the free stagnation point
condition, in problems that the stagnation point is pinned at a solid object, due to
a combination of the no-slip boundary condition and conservation of mass, the strain
rate at the stagnation is equal to zero. In this thesis it was suggested to replace the
free stagnation point with a non-zero strain rate value with zero strain rate pinned
stagnation points by adding a cylinder at the geometric centre of the domain. By
changing the size of the cylinder one can control the streamline curvature in the central
region of the geometry. Also the addition of a cylinder to the problem will block the
flowfield and, as a consequence, changes the velocity profile in this region. Numerical
simulations with supporting experimental results suggest that the addition of a cylinder
has a stabilizing effect on the onset of purely-elastic instabilities. As a part of this
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research an approximate analytical expression for the velocity distribution along the
gap between the corners of the geometry and the stagnation point was derived. Using
the definition of the M parameter and this approximate analytical expression, the
stabilizing effect of the introduced geometrical modification was obtained analytically.
According to the analysis presented in this thesis, the stabilizing effect of the addition
of a cylinder to the cross-slot geometry is related to the change of streamline curvature
near the re-entrant corner regions. The obtained results suggest that once the blockage
parameter approaches to zero the modification of the cylinder wall on the flowfield
is local and the critical condition in which the instability is triggered is the same as
the onset condition in the standard cross-slot geometry. In a following step, to study
the effect of the stagnation point region on the onset condition of the purely-elastic
instability for small blockage ratios, a complete slip boundary condition was applied at
the cylinder wall to replace the zero strain rate value for the no-slip boundary condition
with a non-zero strain rate at the stagnation points, this value is approximately three
times larger than the strain-rate value at the stagnation point of the standard cross-
slot geometry. The obtained results suggest that the kinematic properties of the flow
distribution around the stagnation point do not play any significant role in the onset
of the purely-elastic symmetry-breaking instability and that the critical values of the
Weissenberg number which the instability is triggered, in both no-slip and complete
slip boundary conditions cases, tend toward its critical value for the standard cross-slot
geometry (i.e. Wi u 0.51).
Finally, by plotting the local distribution of the M parameter, it was shown that the
location of instability-driving regions appears in the vicinity of the corners which can
be attributed to the high deformation rate and high streamline curvature in this region.
6.2.2 Stabilisation of purely-elastic instabilities in cross-slot geome-
tries using interfacial tension
In this chapter of the thesis, a series of 2D numerical simulations were carried out to
investigate the effect of the interfacial tension on the onset condition of the purely-
elastic instability in the stagnation point cross-slot flow problem. In this study, two
different fluids were injected in inlet arms with the same flow rate and relaxation times
and the value of the solvent-to-total viscosity ratio parameter of the two fluids was set
to be identical. Using this protocol, one can study the effect of interfacial tension and
the total viscosity ratio parameter (i.e. the K parameter) on the onset criteria of the
symmetry-breaking instability. As a first step, to study the effect of the K parame-
ter, an investigation was carried out to obtain an analytical expression for the velocity
distribution of the two-phase flow problem in between two parallel plates in the fully-
developed regime. The presented analytical solutions are functions of the location of
the interface of the two fluids h that can be obtained by solving a mass conservation
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constraint. The results suggest that by reducing the value of the K parameter the
interface of two fluids move from the symmetry centreline toward a new location to
provide the fluid with a higher viscosity a larger passage to flow through. This reloca-
tion of the interface is related to a combined influence of the pressure gradient and the
conservation of mass. The K parameter was shown to exhibit a similar effect on the
flowfield of creeping Newtonian fluids in the cross-slot geometry in the outlet arms. By
reducing the K parameter, the interface of the two fluids moves towards the “right”
(to provide a larger area for the fluid with the higher viscosity to pass). Interestingly,
as the K parameter finds a non-zero value a dimple starts to appear at the interface
of the two fluids in the vicinity of the stagnation point region, which is related to the
jump of the normal forces at the interface of the two fluids. The results suggest that
by increasing the interfacial tension between two fluids the interface of the two-fluids
exhibits a flatter shape which is related to the balance of the interfacial stress with
the jump of the normal force. At the interface of the two fluids, the interfacial tension
times by the curvature of the interface balance a jump of the normal force, so by in-
creasing the interfacial tension a smaller curvature is required to balance this force and
the interface becomes flatter.
The problem was then extended to the investigation of the purely-elastic instability in
the presence of interfacial tension. At a constant capillary number, by increasing the
Weissenberg number beyond a critical value, the flow distribution and consequently the
interface of the two fluids obtains an asymmetric distribution which is related to the
non-linear effect of the elastic stress. These results suggest that once the instability is
triggered, by reducing the capillary number (i.e. increasing the interfacial tension) at
a constant Weissenberg number, the interface of the two fluids finds a flatter distribu-
tion and eventually, below a critical value of the capillary number, the flow exhibits
symmetry once again. Following this, the modification of the interfacial stress on the
streamline curvature was introduced in the definition of the M parameter to obtain
an analytical expression which can be used to understand onset conditions. Once the
instability is triggered, at constant capillary and Weissenberg numbers, the K param-
eter has been shown to have a stabilizing effect down to a critical value. However, the
simulations show that a further reduction of the K parameter below a critical value
triggers a time-dependent instability that might be appearing due to a combination of
an increase in the shear rate of fluid-2 near the corner (i.e. an increase in the local value
of the Weissenberg number in this region) or the stratification of viscosity (Yih, 1967)
or a jump of elastic normal stresses across the interface (Wilson and Rallison, 1997).
Results presented in Figure 5.13 show the time dependent nature of this instability at
two different instances in time. The frequency of this instability was calculated using
a fast Fourier transformation as shown in Figure 5.14.
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6.3 Suggestion for further work
The research carried out in this thesis can assist in a range of future studies to inves-
tigate the behaviour of Newtonian and complex fluid systems. Suggestions for future
works in the TC geometry are given below.
As discussed previously, the approximate analytical solution presented in this thesis
was limited to the first order of perturbation expansion and assuming a steady-state.
One thing that would be interesting to do in the future is to extend this problem to
study unsteady flows by including the time derivatives in the problem and to extend the
perturbation expansion by including higher order terms. One could hope such analyt-
ical investigations, potentially, provide more valuable insights on the time dependent
structure of the flowfield and the instability which appears for higher values of the
Weissenberg number.
For all of the linear stability analysis conducted in the past, the base flowfield was
assumed to be one dimensional. In such studies, unfortunately, the explicit analysis
of end effects will be difficult, because the departures from the linear solution are not
in any sense small near the end walls. Hence an appreciation of the full problem in
qualitative terms is a useful preliminary objective. In the future, it would be interesting
to employ the present perturbation solution from this thesis as a base flow to conduct
a linear stability analysis and investigate the modifying effect of the confining walls on
the onset criteria of pure-elastic instability in the TC geometry and compare them with
full 3D numerical simulations and experimental results.
For the cross-slot geometry, the solid cylinder could be replaced by a droplet. One
of the main differences between the free and pinned stagnation points in fluid me-
chanics is related to the magnitude of the strain-rate at this point. The combination
of the no-slip boundary condition with the conservation of mass requires, when fluid
passes a solid object, to obtain a zero strain rate at the stagnation point, while in free
stagnation point problems, the strain rate can obtain a non-zero value. An interesting
project that would be worth doing in the future would be to replace the cylinder at
the geometric center of the cross-slot geometry with a droplet of another fluid. In this
way, one can possibly study the proposed geometry modifications in this thesis in dif-
ferent non-zero strain rates (by changing the properties of the fluid in the drop phase,
different tangential velocity profile at the interface of the two fluids will be obtained
and, as a consequence, different strain rates at the stagnation point can be obtained).
This study would be subject to the assumption that the droplet stays at the center
of the cross-slot geometry which, of course, may not be true. Preliminary simulations
suggested the set-up may not be stable but only a limited parameter range was studied.
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One other interesting topic to work on would be the investigation of the addition
of a cylinder on the OSCER geometry (Haward et al., 2012a). A previous study by
Haward et al. (2012a) has shown that the instability in this modified geometry is trig-
gered due to a combination of the high elongational flow and streamline curvature at
the stagnation-point of the geometry. As discussed in this thesis, by replacing a free-
stagnation point by pinned stagnation points at the cylinder walls, a non-zero value
of the strain rate will be replaced by a zero value and this fundamental change in the
flowfield in this region might potentially lead to delay of instability to higher values
of the Weissenberg number and provide more insight regarding the kinematics of the
flowfield in such ideal elongational dominated flows.
Also, as a part of this thesis an analytical platform has been developed by applying
a bounded transformational on the conformation tensor (presented in Appendix A).
Using this analytical platform a solver has been developed by modifying the rheoFoam
platform and including a bounded evolution equation of the conformation tensor. One
of the things that would be interesting to do in the future would be to test this solver for
the lid-driven cavity flow of viscoelastic fluids (this problem is known as one of toughest
problem from numerical simulation point of view in rheology, due to the singularity of
strain rate near the moving lid and stationary walls). It would be also nice to conduct
some analytical approximation, similar to the one conducted for Taylor-Couette flow,
to check the accuracy of these two solutions.
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Appendix A
A bounded-transformation for
viscoelastic conformation
constitutive laws
In this Appendix the previous kernel-conformation transformation studies are extended
by using the bounded properties of Atan (arc tangent) function to formulate and suggest
a transformation for the conformation tensor of viscoelastic fluids that can be applied
for a large class of constitutive equations. This transformation is motivated based
on numerical evidence that the high Weissenberg number problem is caused by the
failure of numerical approaches in dealing with the large growth of deformation rate
developed by the conformation tensor. Similar type of problems may be observed in
hydrodynamic problems such as flow in confined Couette geometries or lid-driven cavity
flows that in the corner of moving and stationary walls, singularities of deformation and
conformation rates exist.
In all of the previously suggested transformations, the applied function had an
unbounded nature ( i.e. limA→∞ Loga(A) = limA→∞ roota(A) =∞). Here in this Ap-
pendix it is suggested to take advantage of the bounded nature of Atan function (i.e.
limA→∞Atan(A)) = pi/2) for the transformation of conformation tensor. In this way,
one would expect that numerical approaches to be less likely to become divergent when
a large growth of deformation rate is appeared in hydrodynamic problems. The merit
of the new formulation is assessed by simulating confined Couette flows of viscoelastic
materials using an Oldroyd-B constitutive equation in the OpenFoam platform and
modifying the rheoFoam solver (Pimenta and Alves, 2017). By using this newly formu-
lated constitutive law and adding boundedness properties to the conformation tensor,
it is shown that one can consequently provide a higher computational chance to obtain
solutions to these types of problem.
Here, in this part of the thesis a combination of log and Atan functions for the
transformation of conformation tensor is suggested to be used:
K(A) = Atan(log(A)) = OAtan(log(Θ))OT , (A.1)
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In this manner, the log function reduces the magnitude of the A tensor (Fattal and
Kupferman, 2004) while, Atan will add the bounded properties to this transformation.
Using (A.1) as the kernel function for the transformation of conformation tensor, the
gradient matrix J may be defined as:
J = diag(
∂Atan(log(Γ1)
∂Γ1
;
∂Atan(log(Γ2)
∂Γ2
;
∂Atan(log(Γ3)
∂Γ3
) = (Θ(ln(Θ))2 + 1)
−1
.
(A.2)
Implementing equation A.2 in 2.82, for the Oldroyd-B constitutive equation, F (Θ) = 1
and H(A) = I−A, the final form of the evolution equation will be appeared as follows:
DK(A)
Dt
= ΩK(A)−K(A)Ω + 2BO 1
ln(Θ)2 + 1
OT
+
1
Wi
(O
1
(ln(Θ)2 + 1)Θ
OT −O 1
ln(Θ)2 + 1
OT ).
(A.3)
This newly transformed evolution equation for the conformation tensor is embedded in
the rheoFoam solver (Pimenta and Alves, 2017) and its merit is assessed by simulating
creeping flow of Oldroyd-B fluids in a planar confined Couette geometry with aspect
ratio of one (i.e. Λ = 1), a cross-slot geometry and flow past a confined cylinder and
comparing it with log-conformation results.
A.1 Fully developed planar Couette flow
As a first step, to check the accuracy of the formulation obtained in equation A.3, a com-
parison between the results obtained using Atan-conformation and Log-conformation
solvers in a fully-developed planar Couette flow problem is carried out. The schematic
of the studied problem is presented in Figure A.1 and the employed mesh is similar in
density to M3 mesh from Table 3.1. As shown in Figure A.1, U˜w is the wall velocity
and L˜ is the length of the square cross section.
The velocity distribution (Uz =
U˜z
U˜w
) using both the Atan-conformation (filled con-
tours) and Log-conformation (solid lines) solvers with β = η˜sη˜t = 0.5 and Wi =
λ˜U˜w
L˜
=
0.1 for creeping flow (i.e. Re = ρ˜U˜wL˜η˜t = 0.01) are presented in Figure A.2 which shows
a satisfactory agreement between the two solvers. In such a problem, due to the pres-
ence of a jump in velocity at the corner of the moving and stationary walls the stress
distribution is singular. As shown in Figure A.3 both solvers were able to capture the
distribution of the stress tensor in a good agreement with each other. This issue pro-
vides confidence that the use of a bounded transformation on the conformation tensor
should not affect the final results even in such singular problems.
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Figure A.1: A schematic of the planar Couette geometry with the employed coordinate
system.
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Figure A.2: Velocity contours for planar Couette flow with β = 0.5 and Wi = 0.1.
Results obtained with the Atan-conformation solver (filled contours); log-conformation
(solid lines).
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Figure A.3: Stress distribution obtained using Log (dashed lines) and Atan (solid lines)
transformations along the moving wall at y = 1 for planar Couette flow with β = 0.5
and Wi = 0.1.
Figure A.4: A schematic of the confined cylinder geometry with the employed coordi-
nate system.
A.2 Flow past a confined cylinder
In fluid mechanics the flow passing a confined cylinder geometry is considered as one of
the challenging problems due to the complex flow distribution (Alves et al., 2001). The
schematic of the studied problem is presented in Figure A.4 and the employed mesh
is similar to the one used in Alves et al. (2001). As shown in Figure A.4, U˜m is the
mean velocity passing through the entrance region and 2L˜ is the size of the cylinder
located between two walls of parallel plates with a distance of 4L˜. The x component of
the velocity distribution (Ux =
U˜x
U˜m
) using both the Atan-conformation (filled contours)
and log-conformation (solid line) solvers with β = η˜sη˜t = 0.59 and Wi =
λ˜U˜w
L˜
= 0.6 for
the creeping flow (i.e. Re = ρ˜U˜wL˜η˜t = 0.01) are presented in Figure A.5 which shows
a satisfactory agreement between the two solvers. In Figure A.6 the evolution of the
drag coefficient in time for both solvers is presented. Here Cd =
F˜x
η˜U˜mL˜
where F˜x is the
force applied on the cylinder in x direction. The satisfactory results obtained in Figure
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Figure A.5: Distribution of the x component of the velocity with β = 0.59 and
Wi = 0.6. Results obtained with the Atan-conformation solver (filled contours); log-
conformation (slid lines).
A.6 in between the two solvers gives us confidence in the correct implementation of
equation A.3 for prediction of stress evolution in such complex flows.
A.3 Cross-slot stagnation point flow
As a final test case, in this section the results obtained using the Atan-conformation
solver is benchmarked against the Log-conformation solver. In Figure A.7 the variation
of the asymmetry parameter with the Weissenberg number is plotted. The agreement
between these two solvers suggest that the results obtained with the Atan-conformation
solver is consistent with results obtained using the Log-conformation solver.
A.4 Conclusions
In solvers using the kernel-conformation concept, a transformation function is intro-
duced and applied to the conformation tensor after a change of coordinate system.
This new coordinate system consists of the principal axis of the stress tensor (i.e. the
eigenvectors of the stress tensor). Generally, this transformation function can be in the
form of any continuous function. In the past lots of different functions (sinh, square
root, log and ...) have been suggested and studied to be applied on the conformation
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Figure A.6: Evolution of drag coefficient in time for Log-conformation (red dashed line)
and Atan-conformation (blue solid line) solvers with β = 0.59 and Wi = 0.6.
Figure A.7: Variation of asymmetry parameter versus Wi number for Log-conformation
(red square symbol) and Atan-conformation (blue diamond symbol) solvers with β =
1/9.
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tensor so during the numerical procedure, the solvers deal with a smaller magnitude
conformation tensor in the transformed constitutive equations. In this way, numerical
approaches are less likely to diverge. Interestingly, all of the previous studied trans-
formation functions which had unbounded natures (as an example log(∞) = ∞). By
employing this newly introduced bounded transformation on the conformation tensor,
a boundedness nature was added to the transformed evolution equation of stress tensor
(here this evolution equation will always vary between 0 and pi/2 since Atan(∞) = pi/2).
In this Appendix results obtained using the newly introduced Atan-conformation solver
(equation A.3) were benchmarked against the Log-conformation solver in three different
problems. These numerical simulations suggests that when this bounded transforma-
tion is applied on the Oldroyd-B constitutive law, this numerical approach will have
a good chance to simulate these types of complex flows. The presented simulations
have shown a good agreement with previously reported results to predict the flowfield
and stress-distributions in singular problems such as the one observed in planar Couette
flow and complex problems such as flow past a confined cylinder and flow in a cross-slot
geometry.
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Appendix B
Comparison between analytical
solution for Newtonian
fully-developed finite aspect ratio
planar Couette flow and Theofilis
et al. (2004)
A previous study carried out by Theofilis et al. (2004) has derived an analytical solution
for the rectangular cavity flows of Newtonian fluids. Applying an appropriate change
of coordinate system to model the problem defined in this thesis and after correcting a
typos in equation (2.5) in Theofilis et al. (2004), one can represent their solution as:
v
[0]
θ =
∞∑
n=0
4(−1)n
(2n+ 1)pi
sinh((2n+ 1)pi(−x+ 1)/2Λ)
sinh((2n+ 1)pi/Λ)
cos((2n+ 1)piz/2). (B.1)
In Figure B.1, the solution obtained in equation 3.20 is compared against the inde-
pendent solution presented in equation B.1 adopted from Theofilis et al. (2004). As can
be seen there is excellent global agreement. One subtle difference is the slight change
in boundary condition at the corner which we confirmed remains essentially local.
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Figure B.1: Velocity contours for planar Couette flow (a) Λ = 0.25; (b) Λ = 1; (c)Λ =
10. The solution obtained in this thesis in equation 3.20(filled contours), the solution
presented in equation B.1 adopted from Theofilis et al. (2004) (- - -).
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Appendix C
Analytical approach for
determining the Mcr parameter in
the modified cross-slot geometry
In this Appendix, an approximate analytical solution for the flow distribution of a
creeping Newtonian fluid along a diagonal line between the corners and a stagnation
point is obtained (a schematic of the problem is depicted in Figure 4.1). Moving to
a cylindrical coordinate system, the components of the velocity vector in terms of the
stream function are:
U˜θ =
∂ψ˜
∂r˜
, U˜r = −1
r˜
∂ψ˜
∂θ
. (C.1)
For steady Newtonian flows, the conservation of momentum equation using the defini-
tion of stream function, in non-dimensional form may be presented as:
∇4ψ˜ = 0. (C.2)
Separation of the stream function into a function of a radial line f(r˜) and a function of
the angular polar angle which is periodic with the wave number of m allows the general
form of the analytical solution for equation C.2 to be obtained as:
ψ˜ = (C1r˜
m + C2r˜
−m + C3r˜m+2 + C4r˜m−2)eimθ. (C.3)
The analytical solution obtained by Moffatt (1964) for the creeping flow of Newtonian
fluids around a sharp corner of 270o suggests that the stream function must have the
following form:
ψ˜ = Ar˜1.5445(cos(0.3415pi)cos(1.5445θ)− cos(1.158pi)cos(0.4555θ)). (C.4)
Using the general form of the stream function solution (equation C.3), the aim
here is to find an approximate analytical expression for the stream function which as
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r → 0 the solution asymptotes to the exact solution presented by Moffatt (1964) (i.e.
equation C.4). One should note that 1 < m < 3 , which implies that the velocity is not
singular at r˜ = 0 and the velocity gradient has a bounded value far from the corner.
Equation C.4 suggests that as r˜ → 0 the stream function must have wave numbers (the
m parameter in equation C.3) of 0.4555 and 1.5445. Using the suggested values for m
in equation C.3, the stream function will appear in the following form:
ψ˜ = Ar˜1.5445(cos(0.3415pi)cos(1.5445θ)−cos(1.158pi)cos(0.4555θ))+Br˜2.4555cos(0.4555θ).
(C.5)
Considering the following constraints:
U˜θ |r˜=L˜= 0, (C.6)∫ L˜
0
U˜θdr˜ =
1
2
U˜BW˜ . (C.7)
The unknown constants can then be calculated as:
A =
0.994W˜ U˜B
L˜1.5445
, B =
0.848W˜ U˜B
L˜2.4555
, (C.8)
using equation C.1, one can then calculate the components of the velocity vector along
the line θ = 0 as:
U˜θ = 3.5551U˜B(
r˜
W˜
)0.5445 − 4.8749U˜B( r˜
W˜
)1.4555, U˜r = 0. (C.9)
A comparison between the presented analytical solution and the numerical result is
shown in Figure C.1 where a good agreement can be observed.
Knowing the functional form of the velocity (equation C.5), the curvature of the
streamline may be calculated as (Haward et al., 2016a; Cruz et al., 2016):
<˜ = (| u˜ |)3/(| u˜× Du˜
Dt˜
|), (C.10)
where Du˜
Dt˜
is the material derivative of the velocity vector.
Using the definition of the stream function, one can calculate 1/< as follows:
1
<˜ =
1.538(L˜)0.911 − 3.811r˜0.911
(4.163(L˜)0.911 − 4.163r˜0.911)r˜ . (C.11)
One should notice that the present analytical solution is only an approximate solution
for creeping Newtonian fluid flow between the corner of the cross-slot geometry and the
stagnation point and so the obtained stream function does not satisfy the boundary
conditions at the walls and does not present a correct θ dependency away from θ = 0.
To include the effect of the cylinder at the center of the cross-slot geometry, we
consider the diagonal gap length L˜ to be:
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Figure C.1: Velocity distribution along the radial direction at θ = 0 for both the
analytical and numerical simulations for standard cross-slot, Newtonian fluid and Re =
0.01.
L˜ =
√
2
2
W˜ − D˜
2
. (C.12)
Using equation C.12 and some simplification with a Taylor expansion around the corner
of the cross-slot geometry, the 1/<˜ term can be expressed as:
1
<˜ =
0.369
W˜ ( r˜
W˜
)
(1−3.388( r˜
W˜
)0.911(1 + 0.6492Φ))(1 + 1.366(
r˜
W˜
)0.911(1 + 0.642Φ)). (C.13)
Here it is assumed that, prior to instability, viscoelasticity does not significantly
affect the scaling correlation between the streamline curvature and the blockage ratio
and will proceed to scale the M parameter with the blockage ratio parameter based on
equation C.13. In the end the accuracy of this hypothesis is checked by plotting the
obtained approximate analytical expression with the numerical results.
For an Oldroyd-B fluid, assuming steady-state simple shear, the second term on the
right hand side of equation 1.2 can be simplified to:
τ˜11
η˜0 ˜˙γ
= 2(1− β˜)λ˜˜˙γ. (C.14)
Considering U˜B as the reference velocity, and using the formulated <˜ parameter as the
reference length (i.e. equation 4.5), after some simplifications, one can state:
1
Wic
=
a
√
2(1− β)
Mc
+ Φ2
b
√
2(1− β)
Mc
≡ a∗ + b∗Φ2 (C.15)
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so that a plot of the reciprocal of the critical condition (1/Wic) against Φ
2 should
be linear with intercept a∗ and slope b∗ (Figure 4.23, shows this plot confirming the
approximate analysis).
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Appendix D
Effect of extensibility parameter
in sPTT model in the modified
cross-slot geometry
In this Appendix, the effect of the extensibility parameter α of the sPTT model on the
purely-elastic symmetry-breaking instability of cross-slot problem is investigated. In
the limiting case where α→ 0 the sPTT model reduces to the Oldroyd-B model which
predicts a constant viscosity for the viscoelastic materials and the elastic stress in a pure
shear flow can be scaled as 2λ˜η˜p ˜˙γ
2. In the sPTT model, for a non-zero value of α, due
to shear-thinning properties of viscosity, the magnitude of first normal-stress difference
reduces and scales as 2λ˜η˜p ˜˙γ
n, where n < 2. This matter suggests that the local value
of the Weissenberg number (the ratio of elastic to viscous stress) reduces as the α
parameter increases once the flow is subject to a constant shear rate. In Figure D.1 the
variation of the asymmetry parameter versus the Wi number for different values of α
are plotted, showing a supercritical growth near the bifurcation point. As can be seen,
by increasing the extensibility parameter the critical value of the Weissenberg number
for the onset of symmetry-breaking instability is delayed to higher values which is a
consequence of the shear-thinning of the first normal-stress difference. In Figure D.2,
the variation of the critical Weissenberg number Wicr with the α parameter is shown.
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Figure D.1: Effect of extensibility parameter on symmetry-breaking instability of flow
for Φ = 50%, β = 1/9.
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Figure D.2: Effect of extensibility parameter on critical Weissenberg number for Φ =
50%, β = 1/9.
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Appendix E
2D simulations using the
FENE-P model in the standard
cross-slot geometry
In this Appendix, the FENE-P model is used as an additional constitutive equation
to match the rheological properties of our model with the sPTT constitutive equation.
Expanding the upper-convective derivative in equation 2.8, the FENE-P model can be
rewritten as:
τ˜ + λ˜((
∇
τ˜
1
f2
) + τ˜ (
∇
1
f2
)) =
aη˜p
f2
(∇u˜+∇u˜T )− aη˜p( D
Dt˜
(
1
f2
))I. (E.1)
In ideal steady-state shear/extensional flows, the term (
∇
1
f2
)) is equal to zero and in the
limit where L2 finds a large value, the FENE-P model reduces to (Oliveira, 2009):
(1 +
λ˜(Tr(τ˜ ))
η˜pL2
)τ˜ + λ˜
∇
τ˜= η˜p(∇u˜+∇u˜T ). (E.2)
This issue suggests that in “viscometric” flows, assuming L2 >> 1, both the FENE-P
and sPTT models are identical when α = 1
L2
(Cf Equation E.2 and equations 2.6). In
Figure E.1, this point is illustrated by plotting viscometric functions of both the SPTT
and FENE-P models with α = 2e − 4 and L2 = 5000, respectively, with β = 1/9.
Simulations with L2 = 5000 and α = 2e − 4 parameters shown in Figure E.2 suggests
that once the viscometric functions are fit in between two models the instability is
triggered at almost same critical value of the Weissenberg number which may, at a first
glance, suggest that the critical condition in which the instability is triggered is related
to the steady-state viscometric properties of the model.
Here, one should note that very large values of L2 in FENE-P and very small values
of α in sPTT models may potentially conceal the difference between these two models
since in the limit L2 → ∞ or α → 0 both the FENE-P and sPTT models will reduce
to the Oldroyd-B model (Bird et al., 1987).
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Figure E.1: Comparison of rheological properties; (a) elongational viscosity, (b) shear
viscosity and the first normal-stress, between sPTT (α = 2e − 4) and FENE-P (L2 =
5000) models with β = 1/9, in standard pure shear and planar elongational flows.
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Figure E.2: Variation of Asymmetry parameter with the Weissenberg number for sPTT
(α = 2e − 4) and FENE-P (L2 = 5000) models with β = 1/9 in a standard cross-slot
geometry.
In another attempt to better investigate the effect of rheological properties of the
fluids, the viscometric functions using a smaller value of L2 are fit and a larger value
of the α parameter in these two models is used. Figure E.3, shows the fit obtained
between viscometric function of SPTT model with α = 0.02 and FENE-P model with
L2 = 58 at a fixed value of β = 0.2. Interestingly, as shown in Figure E.4, although the
steady-state viscometric functions between the two constitutive equations are in good
agreement, the critical values of the Weissenberg number for the onset of the instability
are significantly different in these two models. This issue provides further evidence
that the kinematic properties of the flow triggering the instability are, most probably,
related to the non-homogeneous kinematics properties of the complex flows and not
solely related to the viscometric flows at the corners or stagnation point themselves.
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Figure E.3: Comparison of rheological properties; (a) elongational viscosity, (b) shear
viscosity and the first normal-stress, between sPTT (α = 0.02) and FENE-P (L2 = 58)
models with β = 0.2, in standard pure shear and planar elongational flows.
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Figure E.4: Variation of Asymmetry parameter with the Weissenberg number for sPTT
(α = 0.02) and FENE-P (L2 = 58) models with β = 0.2 in a standard cross-slot
geometry.
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